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BIDIMENSIONAL INTERPOLATION OPERATORS
OF FINITE ELEMENT TYPE AND DEGREE OF EXACTNESS TWO

DANIELA ROSCA*

Abstract. For a given arbitrary triangulation of R?, we construct an interpo-
lating operator which is exact for the polynomials in two variables of total degree
< 2. This operator is local, in the sense that the information around an inter-
polation node are taken from a small region around this point. We study the
remainder of the interpolation formula.

MSC 2000: 41A63, 41A05, 41A25, 41A80, 47A57.
Keywords: Two-dimensional interpolation operator, degree of exactness.

1. PRELIMINARIES

Given a set of V distinct points in R?, we construct a triangulation 7" and
denote by A, A C R?, the set covered by the triangles of 7. Then, for each of
the triangles in 7, some functions will be associated in the following way. Con-
sider the triangle T' € T with the vertices M; (x1,y1), Ma (z2,y2), M3 (x3,y3)
and the number

1 yr 1
z3 ysz 1
We define the functions A, B, C' : R? — R, depending on the triangle T,
A(z,y) = (x371‘2)(y7y3;;7§y37y2)($71‘3)
= (z3—x2)(y—y2)—(y3—y2)(z—x2)
DT )
B(z,y) = (Zl_m3)(y_yl)5T(y1—y3)(w—m1)

_ (z1i—23)(y—y3)—(y1—y3)(z—x3)

y2—y1)(z—x2)

—(
T
Clz,y) = (xrwl)(yfyz)gT(

_ (me—z1)(y—y1)—(y2—y1)(z—21)
T

and X,Y : R? = R,
X(z,y) =5, Y(,y)=y, forall (z,y) € R

*Technical University of Cluj-Napoca, Dept. of Mathematics, Str. Daicoviciu 15, 400020
Cluj-Napoca, Romania, e-mail: Daniela.Rosca@math.utcluj.ro.



196 Daniela Rogca 2

DEFINITION 1. The functions flal,gl\ig1 , h;{/[l : R2 — R, associated to the
vertex My of the triangle T, defined by
fu, =2C° +2B° = 30% = 3B% + 1+ a1 ABC,
9y, = (@3 = 21)(C° = CB® = 20?) + (22 — 1)(B® — BC* — 2B?)
4+ X —x1+ 51ABC,
hh = (3 = 9)(C® = OB* = 2C%) + (y2 — y1)(B® — BC® - 2B7)
+Y —y1 + 1ABC,
are called shape functions. Analogously, for the wvertices My and Ms, the
shape functions are defined by circular permutations of the functions A, B, C,

the parameters ay, 31,71 being replaced with ag, B2, v2 for the vertex Ms and
respectively with as, O3, vs for Ms.

Some immediate properties of these functions are given in the following
proposition.

PROPOSITION 1. The following statements are true fori,j € {1,2,3}.

T of, fT
1) fM( ):517" WZ(MJ):()? Oy (MJ)ZO’
g};_ .. Cr’gM.
2) gy, (M) =0, —(M;) = dij, —5-(M;) =0,
ahT hl,
3) hy, (M) =0, —+(Mj) =0, —5-(M;) = b,
4) Along the edges of the triangle My MsMs, the functions fT ,gfli,hi;i

depend only on the corresponding vertices.

We also give some preliminary results, which will be used in the sequel.
These results are summarized in the following proposition.

PROPOSITION 2. LetT' = My MoMs be a triangle and let fﬂi,gﬂi, hﬂi be the
shape functions defined in Definition 1 fori = 1,2,3. The following statements
are true.

1) ilf]ﬂl =1-ABC(12 + Zlaz)
i= i=

2) iéxsz +gM =X - ABCZ:lﬁ,—i—azxz—i—élxz,
i= i

3) é:l yifiy, +hi, =Y — ABC’ZZ:1 Yi + ouiyi + 4y,

4) ixff};[l + ing]ﬂi = X2 — ABC|6(x122 + w223 + 2371) + iQﬂixi
i= i=

2 2
+ oy — 2x7 |,
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3 3
5) Y uifi + 2yihy, = Y? — ABC [G(ylyz + yoys + ysy1) + 227¢y¢
= Z:

)

1

3
6) > xzyzf]\’l;[ +yz‘gzﬂi + $zh%4 = XY - ABC [3(902y1 +x1Y2 + T3Y1 + 1193
i=1

3
+ 2oy3 + x3y1) — 2 (x1y1 + Toy2 + 23y3) + > Vit + Biyi + iy -
i=1

Proof. The proof of the above formulas needs some elementary but quite
long calculations which are not given here because of lack of space. O

2. THE INTERPOLATION OPERATOR

As in [3], to a given function ¢ : R?> — R, ¢ € C'(A), we associate the
piecewise polynomial function Py : A — R,
\%
0 0
(1) (Po)w.y) = 3 (M) Fi(x,y) + 52 (Mi)Gilw, ) + 2 (Mo) Hil, ),
i=1
for (z,y) € A, where
fz;_ (z,y), if (x,y) is inside or on the edges of the
Fi(x,y) = triangle T' € 7 which has M; as vertex,
0, on the triangles which do not contain M;
and analogous definitions for the functions G; and H;.

The functions F;, G;, H; are continuous on A due to the property 4) of
Proposition 1, so the piecewise polynomial function Py is continuous on A.
In [3] we also gave the graphs of some particular functions F;, G;.H;.

It is also immediate that Py satisfies the interpolating conditions

(2)  (Po)(My) = o(My), 222 (0;) = %2(0y), 222 () = 22 (),
fori=1,...,V.

Other properties of the interpolating operator P : C!' (A) — C'(A), de-
fined in (1), are given in the following proposition.

PROPOSITION 3. The operator P reproduces the polynomials in two variables
of global degree two if and only if the following conditions are satisfied.

3
D ai=-12,
i—1
3 3
Y aimi+fi=—4)
=1 =1
3 3
Y awitv=—4Y v
=1 =1



198 Daniela Rogca 4

3

3
Z oix? + 2B = — 6(x122 + T2T3 + T3T1) + 2 Z 7,
i=1 =1

3 3
D iy? + 2viyi = — 6(y1ya + yays + ysvn) + 2> v7,
=1 i=1

3
Z oy + Biyi + i = — 3(T2y1 + 212 + T3y1 + T1Y3 + T2y3 + T3Y1)
i=1

3
=1

Proof. The proof is immediate if we use Proposition 2 and the fact that
the expression A(z,y)B(x,y)C(z,y) cannot be zero for all (z,y) € A. Also,
we have to remark that, for a fixed (z,y) € A, the sum in (1) contains at
most three nonzero terms, namely those corresponding to the triangle which
contains the point (z,y). O

As an immediate consequence of this proposition we deduce the following
result.

PROPOSITION 4. Let T be a triangulation. If the parameters o;, B, Vi, © =
1,2, 3, are solutions of the system of equations given in Proposition 3, then the
following identities are true for (z,y) € A:

\%
ZFZ(‘T7y) = 1’
i=1

v
Y (@i —x)Fi(w,y) + Gi(z,y) =0,
=1
14
Z(yz - y)Fl(xa y) + Hl<x7 y) =0,
2‘—/1
z‘—/l
> i — v)*Fi(x,y) + 2(y; — y) Hi(z,y) =0,
i=1
v
Y (@i—2)(yi =y Fi(,y) + (yi —y)Gi + (2 — x) Hi(z,y) = 0.
=1

The question now is if there exist such operators which reproduces the
polynomials of global degree two. More precisely, we have to decide if the
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system of six equation, given in Proposition 3, with the unknowns «;, 3;,vi, i =
1,2, 3, is solvable for all z;,y;, ¢ = 1,2, 3.
If we make the change of variables
Q; = )\z' —4, 1= 1,2,3,
B = +3(z1 — x2), B2 = p2+3(w2 —x3), B3 = s+ 3(x3 — x1),
Y1 =101+ 3(y1 —y2), v2 =02+ 3(y2 — y3), 13 =03+ 3(ys — y1),

the system becomes

A1+ A2+ A3 =0,

A1 + Aowo + Azx3 + p1 + po + puz =0,

Ayt + Aoy + Asys + 61 + 62 + 3 =0,

Mz? + hozs + )\3935 + 2(p1y + poxo + pgxs) =0,

Ayt + Aayi + Asys + 2(81y1 + Say2 + d3y3) = 0,

AMT1Y1 + Aex2y2 + A3T3y3 + p1y1 + poye + p3y3 + 0121 + d2xe + d3w3 = 0,

and is always solvable, being homogeneous. Moreover, this system is undeter-
mined.

REMARK 1. The same homogeneous system can be obtained making the
change of variables

(6%} :)\z’_47 1= 1,2,3,
B1 =1+ 3(x1 —x3), Po=p2+3(x2 — 1), P3=p3+ 3(x3 — x2),
1 =061+ 3(y1 —y3), Y2 =02 +3(y2 — 1), 13 =03+ 3(y3 — ¥2).

In the following we will restrict ourselves to the zero solution of the homo-
geneous system, more precisely to the operator P defined in (1), with

a1 = ag = ag = —4,
B = 3(w1 — x2), P2 = 3(x2 — x3), B3 = 3(x3 — 11),
71 =31 —y2), 72 =332 —¥3), 13 =3(ys —y1).
In order to study the rest R of the interpolation formula
¢ =Py + Ry,
we need to establish the following result.

LEMMA 1. Let T = MyMsMs, M;(x;,y;), i = 1,2,3, be a triangle. Then,
for all (z,y) € T, the following inequalities are true.
1) 0 < fig, (z,y) <1,
2) |gir, (z,y)| < max {§|xs — 21, 32|23 — 21|},
3) |k, (z,y)| < max {PE|y2 — 1], 52 lys — w1l }
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Proof. 1) The inequalities were already proved in [2].
2) Using the equality = — z1 — (x3 — 21)C — (z2 — x1)B = 0, the function
g]T\’/[1 can be written as

g1, =(1-B-0C)(rC(1-C+ B)+sB(1 - B-2C)),

where r = x3 — x1, s = 29 — 1.
Case 1. x93 = x3. Denoting

#(B,C) = (1— B —C)(C(1-C)+ B(1 - B) — BO),

we have to find the extremes of p when 0 < B <1, 0<(C <1, B+C <1.The
stationary points of the function ¢ are (B,C) € {(0,1),(1,0), (p,p)}, where
p is a root of the equation 9p? — 7p + 1 = 0, namely p;2 = (7 + 1/13)/18.
The inequality B + C' < 1 is not satisfied by the stationary point (pi, p1). At
the other stationary points, the function ¢ take the values ¢(1,0) = ¢(0,1) =

0, ¢(p2,p2) =1+ (354 13v/13)/486.
Then, as in [2],! we can prove that, on the edges of the triangle T, the
function 91:[\141 takes values between 0 and %.

In conclusion, in this case we have |91, (z,y)| < Lir|, for all (z,y) € T.

Case 2. x5 # x3. Making the transform w : R? — R? described by the
functions

(3) u:u(x,y):C—B,v:v(x,y):B—i—C', (U7U>ER27

the triangle T' maps into a domain denoted by U and the function g]:\% (z,y) =
9{/[1 (w™H(u,v)) =¥ (u,v) becomes

(4) Y(u,v) = %(1—1}) (r(v+u)(1—u)+s(v—u)(1— 3”%)) )
The stationary points of the function v are
(5) (u,v) € {(1’ 1)7 (_17 1)’ (p(s - T),p(27‘ - S) + 1)} )

where p is a root of the equation 3(4s? — 8rs+72)p? +4(r —2s)p+1 = 0, that
is

-1
pl2 = (43 —2r F V452 + 8rs + r2) , if 4s% — 8rs + 12 #£0,
p = (42s—7r)7", if 45> —8rs +1r2 = 0.

We have to decide which of the stationary points (u,v) are situated inside the
domain U. The stationary points (1,1) and (—1, 1) are situated on the border
of U and 9(1,1) = 9(—1,1) = 0.

IThe restrictions to the edges are the same for our function and for the function considered
in [2].
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Subcase 2a). 452 — 8rs + r2 # 0. In this case, at the stationary points
Py, ((s—=7)p12,(2r —s)p12 + 1), B and C have the values

B="%" = %(1+(37’—2S)p1,2)7
C:”TJ”’ = %(1—1-7",01,2)-

The condition that a stationary point P, is situated inside the domain U
is equivalent to B € [0,1], C € [0,1], B+ C < 1. In Appendix A we proved
that, if P, is situated inside U, then

[¥(Pp)| < max {|r], 531s]}, for p=pra.
On the edges, we have

ng Ly, = sB(1— B)?, and take values between 0 and %,
ng | a2t rC(1—C)?, and take values between 0 and x,
ng ‘MQJLI:; = 0.

In conclusion, in this subcase we have

(6) |94, (z,9)] < max{ }

Subcase 2b). 4s2 — 8rs + 12 = 0. In this case p = (4(2s — 7)) ", s =
1+ @) r and at the stationary point P, ((s —r)p, (2r —s)p+1), B and C

take the values

_ 243 _ 1+V3
B—T7 C—T.

The only stationary point situated inside U is P <3+ 3 11_3‘/§> , where the

16
function 1 take the value ¢(P) = 19%}3\/_7“ ~r.0.1486.

On the edges, |g;‘\F41| take values between 0 and (1 + %) %M < 2%|r|.

In conclusion, in this subcase we also have

‘Qﬂl(fﬂ’y)’ < max{£| =27|5’}

3) The proof is analogously with 2). O
3. THE INTERPOLATION FORMULA
In this section we study the interpolation formula
(7) ¢ =Py + Ry,
with P defined in (1), by proving the following theorem.
THEOREM 1. Let ¢ € C3(int A). Then we have

) IRele= sup lo@y) = (Pe)@y)l < (+v2) KsLipn,

(z,y)EA
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where

) Ky = su C2(2,y)|, |5 (2, )|, | 22225 (, )|, | 2 (x,
?) ’ (w,y)eirx)ltA{lax?’( ) (,y) 2(%,9)], | 57 ( ?/)|}

and Lyax s the length of the greatest edge of the triangles of T .

Proof. We follow the ideas in [3] and write some Taylor formulas around
the point (z,y) € int A. For all 1 <17 <V we have

(M) = (a,y)+ (2 — ) G2 (2, y) + (4 — v) 52 ()

2)
3 |@i—DZ+ G- n&| ey + Ry,

2
Be(My) = B2(x,y) + (2 — ) 55 (2, y) + (Wi — v) e (2,y) + Si(x, y),
2
Be(M) = %2(z,y)+ (i — )it () + (i — ) 55 (@) + Tilx, ),
where
1 [ d 510 1 2
Rl(zvy) = ?_(J;Z—x)%—i_(yl_y)a_y_ (p(Cz,CZ)
r 1(2)
Siwy) = g |(@—a) G+ wi-vg|  gldd),
r 1(2)
Ti(wy) = |-G+ i-vg| )

with (c}, c2), (d}, d?), (e}, €2) situated ‘between’ the points (x, y) and M;(z;, y;).

171 10
Replacing these expressions into (1) we obtain, using the identities given in

Proposition 4,

v

Po(x,y) = e(x,y) + Y Ri(w,y)Fi(x,y) + Si(z,y)Gi(x,y) + Ti(w, y) Hi(x,y).
=1

On the other hand, for all i = 1,...,V we have
|Ri(x,y)| < §K3 (Jo — x| + |y — wil)®.

If (z,y) is situated inside a triangle T', then the sum ZZV:1 Ri(z,y)F;(z,y) has
at most three terms which are not zero, namely those corresponding to the
vertices of the triangle 7. In this case we can write?

Z ’R T,y ‘ < \/_K3Z T(z (y y‘r(z)) ]2 < \/§K3Li1ax7

where (2,(;), Yr(;)) are the vertices of the triangle T'.
If (z,y) is situated on an edge F, then at least two terms of this sum are
nonzero, namely those which correspond to the end-points of the edge E. In

2We use the inequality (a + b)? < 2(a® + b%) for a = |z — Ty, b= 1y — yr@ |-
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this case we have

max*

\%
> |Ri(w,y)| < 2P2KLE
=1

Further, for all = 1,...,V we have
|Si(x,y)| < 3K (lv — il + |y — wil)?

and using Lemma 1 we obtain

v 3
=1 i=1 1<

3
< %LmaxK3 Z(x - xr(i))Q + (y - yr(i))2
i=1
S %K?)L?nax?
and analogously
1%
Z Ti(z,y)| - ‘Hl(xvy)‘ < %KfﬂL?naxa
i=1

for (x,y) situated inside a triangle 7. When (z,y) is situated on an edge with
the end-points Mj,, M;, we have

Gk(xay) = Hj(xay) = 0.

Combining all the above inequalities, we finally obtain that
(10) (Pe) ) = (@, y)| < (8 +V2) KoL

whence the conclusion. O

4. APPENDIX

With the notations of Lemma 1, we have to decide which of the stationary
points P,, and P,,, pis = (4s — 2r F V4s> 4+ 8rs + 7"2)_1 are situated inside
the domain U.

We consider two cases.

Case 1. s # 0. Denoting t = £, condition B € [0, 1] reduces to

s

1< 3t—2 <
L oy rw-rw S

for p; when s > 0 and for ps when s < 0 (case A)

_1< 3t—2 <
1< 4—2t4+/124-8t+4 — 1,

for p; when s < 0 and for p2 when s > 0 (case B)
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and is fulfilled when
te [—4+2\/§,0} U [17—175/?’00} , in case A

te {—4 + 2\/3, 17457%/%] , in case B.

Condition C' € [0, 1] reduces to

1<t
1 — 4-2t—/t2+8t+4

(P G S i
1< VAT S 1,in case B

< 1,in case A

and is fulfilled when
te (—oo, —4 — 2\/5} U [—4 +2V/3, 4_§/E] U [%, oo) in case A,
te <—oo, —4 — 2\/3} U [—4 + 2v/3, %] in case B.
Finally, condition B + C' < 1 means
ﬁ <0, in case A,

2t—1 < :
4—-2t+/124+8t+4 — O’ in case B.

and is satisfied for

te (—oo, —4 — 2\/3} U [—4 + 2v/3, %} U [4 — 23, oo) in case A,
te (—oo, —4 — 2\/5} U [—4 + 2\/5, %} U [4 =+ 2\/§, oo) in case B.

Intersecting all the intervals and denoting I; = [—4 +2v/3, 0] o = [%, oo) I3 =
[—4 +2V/3, %} , we find:

If s > 0, then P, eUfortelLUl,
P,, €U forteIs.
If s <0, then P, €U fortels,

P,, eUforte 1 Ul.
Then, the values of i at the stationary points are
Y(p(s—r),p2r—s)+1)= —%(3—27‘)2,0 (,02(7‘2 — 8rs +4s%) + p(2r — 4s) + 1),
p = p1,2. Using the equality p*(4s> —8rs+r?) = —1 (1 4+ 4p(r — 2s)), we find
W(Pp) = —5(s = 2r)’p[1+ p(r — 25)],

meaning
1 1-2t) (t—24+V12+8t+4
/IJZ)(PPI,Q) = 6(5 - QT)( (2t—)51:|:\/t2+8t+4)2 :

We also need the inequalities
(11) |s —2r| < 3-max{|r],|s|}, if £ <0,
(12) |s —2r| < 2-max{|r],|s|}, if £ >0.
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Defining & : [ U Iy, — R,

¢ (t) _ (1=2t)(t—2+Vt>+8t+4)
W = T4Vt stra)?

we have

5 ( ) 3(84+t—3vt2+8t+4)
I\ (4—2t—/1248t+4)3

so & will be increasing on Il and on Iy. Since

G(—4+2v3) = B2 6(0)=0, & (3) = -, lim & (1) = —3,
using (11) and (12) we finally obtain
(13) [ (Ppy)| < max {327, 37lsl} -

Further, defining & : Is — R,

_ (1=20)(t—2—Vt2+8t+4)
&(t) = (2t—4—V1248t+4)2

>0

we have

§ (z) = 3(8+t+3V12+8t+4)
2 (4—2t+/12+8t+4)3
and therefore the function is 1ncrea51ng on [3. Since

E(—4+2V3) =5 6(0)= -3, L(3) =

using again (11) and (12) we have

(14) [(Ppy)| < 3583

235 max{|r, [s|} < max {3|r], 33/sl} .

Case 2. s = 0. In this case p is a root of the equation 3r2p? + 4rp +1 =0,
meaning p; = —1/r, po = —1/(3r). Conditions B € [0,1], C' € [0,1] and
B+ C € [0,1] are satisfied only by the stationary point P,, and the value of
o at this point is ¢(Pp,) = 4r/27, whence [)(P,,)| < 2|r].
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