Haar wavelets on spherical triangulations

Daniela Rogca

University of Liibeck, Institute of Mathematics, Wallstrasse 40, 23560 Liibeck,
Germany

and

Technical University of Cluj-Napoca, Dept. of Mathematics, str. Daicoviciu 15,
400020, Cluj-Napoca, Romania

Daniela.Catinas@math.utcluj.ro

Abstract

We construct piecewise constant wavelets on spherical triangulations, which
are orthogonal with respect to a scalar product on L?(S?), defined in [3]. Our
classes of wavelets include the wavelets obtained by Bonneau in [1] and by
Nielson et all. in [2]. We also proved the Riesz stability and showed some
numerical experiments.

1 Introduction

In [1] and [2] some “nearly orthogonal” piecewise constant wavelets defined on
arbitrary triangulations of the sphere S? of R? are presented. In [2] a spherical
wavelet basis is said to be nearly orthogonal if it becomes orthogonal when
the subdivision depth increases (i.e. when the spherical triangles are “near”
planar). Actually, the orthogonality occurs if, at each level of the multireso-
lution, the areas of the spherical triangles are approximated with the areas of
the corresponding planar triangles. Some numerical examples show that this
idea works well in practice, but no mathematical arguments were given to
assure that it works in practice all the time.

In this paper we use a scalar product (-,-), on L2 (Sz) , defined in [3],
which induces a norm |||, equivalent to the usual 2-norm of L? (S?). Then
we construct piecewise constant wavelets which are orthogonal with respect to
this scalar product. The equivalence of the norms ||-||, and the usual 2-norm
of L2 (SZ) will help us to prove the Riesz stability in L? (SQ) of our wavelets.
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2 Preliminaries

Consider the unit sphere S? of R® with the center in O and IT a convex
polyhedron having triangular faces! and the vertices situated on the sphere.
Also we have to suppose that no face contains the origin O and O is situated
inside the polyhedron. We denote by 7° = {1, T5, ..., T, } the set of the faces
of IT and by {2 the surface (the “cover”) of II. Then we consider the radial
projection onto S?, p : £2 — S2,

1

p(xay7z):ﬁ(xayaz)a (l',y,Z)EQ (1)
Ve +yc+z

and its inverse p~! : S? — 2,

—d

P 3 112, y » 12, € SQ,
any + bns + cns (11, m2,m3) 5 (11, 712, 1)

Pt (mym2,m3) =
where ax + by + cz + d = 0 is the equation of the face of IT onto which the
point (n1,7m2,73) € S? projects. In case this projection is situated on an edge,
then one of the two faces containing that edge is taken.

Being given {2, we can say that 7 = 70 is a triangulation of 2. Next we
wish to consider its uniform refinement 71. For a given triangle [M; Mo M3]
in 79, let A1, As, A3 denote the midpoints of the edges MyMs, M3sM; and
My Ms, respectively. Then we consider the set

T = U {[M1A2A5], [A1 M2 A3], [A1 Ao M3], [A1 A2 A3}
[M1MyM3)eTO

which is also a triangulation of {2. Proceeding in the same way the refinement
process we can obtain a triangulation 77 of (2, for j € N. The projection of
77 onto the sphere will be U7 = {p (Tj) , TV € Tj} , which is a triangulation
of S%. The number of triangles in &7 will be 7| =n - 49,

Let (-,-),, be the following inner product, based on the initial coarsest
triangulation 70 :

Fsho= 3 w5 | 1609() dx, for fg e C (1) ¥T €T,

TeT®

Here a (T') denotes the area of the triangle T. Also, we consider the induced
norm

1l =, )2

For the L?—integrable functions F' and G defined on S?, the following scalar
product associated to the given polyhedron IT was defined in [3]:

! The polyhedron could also have faces which are not triangles. In this case we
triangulate each of these faces and consider it as having triangular faces, with
some of the faces coplanar triangles.
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(F.G), = (Fop,Gop)g,. 2)

There it was proved that, in the space L? (SQ) , the norm ||-||, induced by this
scalar product is equivalent to the usual norm ||-[| 2 g2y of L? (S?) and

2 2 2
m|[Fl 2y < IFIE < M|F[2s2) ®3)
P2 L1 Y1 Z1
with m = %7{217110 ﬁ, M = 2:?.15% \TlTl’ dp = |x2 y2 22|, for each triangle
T3 Y3 23

T having the vertices B; (25,9, %), @ = 1,2, 3. If we use the relation
|dr| = 2a (T) dist (O, T) , with dist (O, T) representing the distance from the
origin to the plane of the triangle T, then the values m and M become

. dist? (0,7)
m= mmn —————,
tero  a(T)
1
M= max —————.

Te70 o (T)dist (O,T)

In the following we construct a multiresolution on S? consisting of piecewise
constant functions on the triangles of U7 = {Uf, Ug, RN Ui.“} ,j €N

By definition, a multiresolution of L2 (82) is a sequence of subspaces
{Vj 1j > O} of L? (SQ) which satisfies the following properties:
1. VI CVIitl for all j € N,

2. CIOSL2(S2) U Vj = L2 (Sz) 5
j=0
3. There are index sets K; C K41 such that for every level j there

exists a Riesz basis {Lpi , t€e ICj} of the space V7. This means that there exist

constants 0 < ¢ < C < o0, independent of the level j, such that

{Cz}telcj Z ngg {Cz}telcj

teki

27 < <Cc2

12(K;5)

L2 (Sz) l2 (Kj)

3 The spaces V7 and W7

For a fixed j € N, to each triangle U,g ceU,k=1,2,...,n 47, we associate
the function ¢ : S? - R,
k

1, inside the triangle U,Z ,
Py (1) = { 1/2, on the edges of U} ,
0, in rest.
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Then we define the spaces of functions V7 = span {LpUj, k=1,2,...,n- 4j} ,
k

consisting of piecewise constant functions on the triangles of 7.

It is immediate that the set {gon, k=1,2,....,n- 4j} is a basis for V7,

k

so |VI|=mn-49.

We must establish the relation between the spaces V7 and VIt Let U7 ¢
U and U =p (T,g“) , k = 1,2,3,4, the refined triangles obtained from
U7, as in Figure 1.

We have

Yui = Py + Py + Py + Pui+t

equality which holds in L? (SQ). Thus, V7 C V3+! for all j € N. With respect
to the scalar product (-, -}, , the spaces V7 and V! become Hilbert spaces,
with the corresponding norm |[-[|, = (, -)1/2 .

Next we define the space W7 as the orthogonal complement, with respect

to the scalar product (-,-)_, of the coarse space V7 in the fine space V711 :
VIt = VI W

The spaces W7 are called the wavelet spaces. The dimension of W7 is |Wj | =
|VIt] —|VI| =3n -4,

In the following we will construct a basis of W7. Let us take the triangle
U7 and its refinements Uf“, Ug+17 Ug“, UZH and denote F&j, Fl%j, ng
the projections onto S? of the mid-points of the edges of the plane triangle
p~1 (Uj)7 as in Figure 1.

Fig. 1. The triangle U and its refined triangles U,ZH, k=1,2,3,4.

Note that, except for the case j = 0, the points FlUj, l=1,2,3, are not in
general mid-points of the edges of the spherical triangle U7. To each of these
points FlU,- a wavelet will be associated in the following way

Vi, ui = 1yt + @i+ By + ey,

Upe i = 1Py + Q2P+ —i—ﬁ(pUgﬂ +’7(,0U§'+1, (4)

J+1T

Ups, | i = Q1pygtt + @it + By + @y,
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with aq, ag, 3,7 € R. Let us mention that supp Wpr  vi = Ul for k=1,2,3.
Next we will find conditions on the coefficients «q, as, 3,7, which assure
that the set
{WF],CH,UJ», k=1,23, U e uj}

is an orthonormal basis of W7 with respect to the scalar product defined in

(2).
First we must have

<!pr+1,UJ'7@Sj>* =0, (5)
for k = 1,2,3 and U7, S7 € UJ. If U’/ # S7, then the equality is immediate
since supp WFE“ vi = supp @y and supp @g; Nsupp @y is either the @ or

Jj+1 . |

an edge, whose measure is zero. For U7 = §7, evaluating the scalar product
(5) we obtain

< v > ar AT+ ap AT 4 BATT AT
1 j j = s
Tt e, a(p T (0))

U being the triangle of the initial triangulation &/° which includes the triangle
Ul and A =a (pfl (Ui“)) . Since
j+1
ALF
a(p~t(U))

the orthogonality conditions (5) reduce to

=4~0U+D) for k=1,2,3,4,

a;+as+0+v=0. (6)

Now we have to find conditions on the parameters aq, as, 3, such that
the functions {ngcﬂ vis k=1,2,3, UJ € Z/[j} are linearly independent. Let
Jj+1

Aptyis Apzpi, Aps i € R for U’ € Y. Taking the linear combination

3

Yo Areui¥er s =0,

k=1Uicus

it follows that for each U7 € U7 we must have

3
Z )\Fk’UijFfﬁrluUj =0. (7)
k=1

In order to simplify the writing we denote Apx ;5 = Ag. The linear inde-

pendency occurs if each relation (7) implies Ay = Ay = A3 = 0. Using the
definitions (4) we obtain
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Arag + Asas + A3y = 0,

AMB+ A+ A3 =0,
A1z + Aoy + Azan = 0,
A1y + Asaq + Az = 0.

Taking into account the condition (6), we can deduce that this system of 4
equations with 3 unknowns has only the zero solution if and only if

of + a3 + 9% — 3ajay # 0. (8)

So, if this condition is satisfied, then a basis in W7 is constructed.
Now we want to look for an orthogonal basis. Each of the orthogonality
conditions

<WF;€+1,UJ'7WF}+1,U1>* =0
for I,k € {1,2,3},1# k and U7 € U7 is equivalent to
aras + (o1 + az)y + 52 = 0. (9)
Solving the system consisting of the equations (6) and (9) we get
B — (a1 + o) B — (af + s + a3) = 0. (10)

We wish to have orthonormal bases, so we impose the condition

HQj gy || =1 for1=1,2,3,
Using the relations (6) and (10) we obtain, for [ = 1,2, 3,

|27 v

JtL

=af+a3+ 0% +97 =45

UiJ
*

Hence, 8 = :l:%.
For 3 = $ condition (10) reduces to
4(af+oas+a3)+2( +az)—1=0

and condition (8) reduces to

2 (a% +ajag + ag) + (a1 + ag) #0.

The small ellipse, having the equation 2 (a% + ajag + a%) + (a1 +ag) =0,
contains the points (a1, ag) for which the wavelets become linearly dependent.
In conclusion, there exist orthogonal wavelets for all (a7, ag) situated on the
big ellipse plotted in Figure 2. These wavelets have the expression
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1!
El -05 [ 05

Fig. 2. The graph of the curve 4 (a% + araz + oe%) + 2 (a1 + a2) — 1 = 0 (the big
ellipse), resp. 2 (af + a1z + a3) + (a1 + a2) = 0 (the small ellipse).

1 !pF

1
i1

1 1
Ui = Pyt + Q2pyyi+1 + §(pU%'+1 - <2 + oy + oz2> Puitt

1 1
1LPFJ3+1,U-7' = Pyt + Pyt + 5¥uitt ~ <2 + o+ 062) Pug+ts

1
Yz,

1 1
Ui = a1<pU§+1 + a2<pUZ+l + ingg-H — (2 + a1 + a2> (pU{A—l.

For 3 = —1 condition (10) reduces to

4(a%+a1a2+a§) —2(a1 +ag) —1=0,
while condition (8) reduces to

2 (o + oo +a3) — (a1 +az) #0.

fﬂ J

0.5 0 05 1

Fig. 3. The graphic of the curve 4 (a% + oras + a%) —2(a1 + a2) — 1 =0 (the big
ellipse), resp. 2 (a + a1az + a3) — (1 + a2) = 0 (the small ellipse)

Again, there exist orthogonal wavelets for all («y, as) situated on the big
ellipse plotted in Figure 3. These wavelets have the expression
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1 1
2@F;[+17Uj = alng{“ + agchajJrl - égoUgH + (2 — Q1 — Ozg) @Ufﬁl’
2y R ) . 1 . 1 .
Fia U7 = OPpge F@afypn T 5@pge g T 0T 42 JQuge

1

1
2
Ups i = Py + QePya+r — Sppan £ |

— Q] —« j+1.
4 2 2 2)%{

Let us remark that if we choose ay = as = «, then we obtain the families

of wavelets {1u71£, Uj}, {1%?,, Uj}, {2WI£; Uj} and {21/1%%“ Uj}, given
, L

J+17 j+1 1
by
g1 1 ‘ _ _ ‘
Fi, U= g Puitt + Pui+tlt = Pyitt — Pyi+t |
1
1Wf27}+1, Ui~ 6 (@Ulj+1 * @U?J’”rl + 3<PU2J'+1 — 5(‘0UZ+1) s
27,1 1
J/F;Jrl, Ui — 5 (@Uf+1 + QDU?J)#I — (pUZJ'+1 — (pUi'+1> ,
2,772 1
WF}H’ UJ 6 (QOU{‘H + Pyt + 390U§+1 — 5g0Ui-+1) ,

for [ = 1 and similarly for [ = 2,3. These wavelets are exactly the wavelets
obtained in [2], in the case when the spherical areas are approximated with
the plane areas.

4 The stability of the bases

To be useful in practice, the wavelets must satisfy the Riesz stability condi-
tions. Next we prove the Riesz stability of the bases that we have constructed
in V7 and W7, for arbitrary j € N.

First we check the condition 3 of the definition of multiresolution. The

basis {2j<pUi, k=1,2,...,n-47 } of V7 is orthonormal since
e o (1)
Joo | = 47 . 4. =
[27eus ], =97 Covprn), = 4 ARG

and <2jchj , 2j<pUj> = 0 for k # | because the intersection of their supports
k 1 *

is either empty or an edge, which has the measure zero.
Being an orthonormal basis with respect to the inner product (-,-), , the

following equality holds
— | }
H{ YSvew

Z C7b2j(pUj

Uiels

12
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Using now the equality (3), which expresses the equivalence of the norms |||,
and H'||L2(S2) ; we get

] 2

12

2 2

) = % H{C{]}er

which is exactly the condition 3 of the definition of a multiresolution.
Using the same arguments for the wavelets bases
{2J’ ik,

FipoU7

Uieli

)
l2
L2(s2

} ,i=1,2, k=1,2, we can prove that
1=1,2,3, UieUs

L) -

l=1UecuUi

ik
E d _’2] l![/ 1 ;

Ui eui h Fi,U7
ielys

2 1 3 2
<— (Z > d;,w) .
(%)

2 I=1 Uels

Some evaluations of the number k = /M /m for some particular polyhe-
drons shows that « is 33/2 = 5.19615. .. for the regular tetrahedron, 33/4 =

2.27951 ... for the cube and regular octahedron and (15/(5 —1—2\/5))3/4 =
1.41167. .. for the regular dodecahedron and regular icosahedron. However,
the number k is not significant for the performance of the wavelets, since
the matrices involved in the decomposition and reconstruction algorithms are
orthogonal.

5 Numerical tests

In order to illustrate our wavelets, we took as the initial polyhedron IT an
octahedron with six vertices and we performed five levels of decomposition.
At the level five, the total number of triangles is 8196. Then we considered
a particular data set pol5 from texture analysis of crystals (cf. [4]) and we
represented it in Figure 4. It consists of 36 x 72 measurements on the sphere
at the points

{P;; (cos b, sin p;,sin b sin p;, cos p;)} ,

with 0, = 22 — & j =1,...,72, p; = 2 — &, i = 1,...36. Its main
characteristic is that the values over the whole sphere are constant, except
for some peaks. First we have approximated this data with the function
f5 € V5(see figure 5), considering pol5 as a piecewise constant function on
the set

{(p(Qi), i=1,...36, j=1,...72,},

where p is the projection defined in (1) and Q,; are quadrates with centers at
P;; and edge 7/72 . The approximation error

36 72

s DD |7 00) ol )

i=1 j=1
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Fig. 5. The function f° € V® approximation of pol5 at the level 5.

was 1.0984. Since the set {cp{} > is a basis for V7, for j = 0,1,2,..., we
teus
can write
PP =Y el ), nes® (11)
teud
The vector 5 = (fts)teu

posed into fO and g°, g!, g2, g°, g*, using the wavelet with coefficients

(a1, a2,8,7) = (&, %,2,—2) . The details coefficients g7, j = 0,...,4 were

thresholded to obtain a specific compression rate. More precise, their compo-

. associated to the function f° was then decom-

nents (gi) were replaced with the values (ﬁi) according
k=1,...,3n-47 k=1,...,3n-47

to a strategy known as hard thresholding. This consist in choosing a threshold
e > 0 and then setting

- gp, if ‘gi) >e,
b 0, otherwise.

The ratio of the number of subsequent non-zero coefficients to the total num-
ber,

3 |{redt 20}

3n - 49
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will be referred to as the compression rate.
After the compression we performed the reconstruction, yielding an ap-

proximation with error €3, 3 = £> — >, where f° = (ﬁ) , is the vector
teu
associated to the reconstructed function ]?5 We have measured this error in

several ways:
- The maximum error given by

||e5||oo = max |e5 (77)| = max ei’| ;

nes? teus

- The 2—norm

-1

o\ 12
e, = (Z ) ;
teus

- The mean absolute error over the triangles

1
mean (e5) = T Z |et5’.
teus

Figures 6, 7 and 8 show the reconstructed functions ]/”\5 for different compres-
sion rates, and the errors are tabulated in Table 1.

Fig. 6. The reconstructed function )?5 for the compression rate 0.05.
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Fig. 8. The reconstructed function fs for the compression rate 0.75.

Table 1. Reconstruction errors for some compression rates, with the wavelet
11,1,3,-5]
6 ) 7 7

comp. no. of

rate zero coeff.  ||e° ||°o e ||2 mean (e”)
0.05 7775 165.75 3122.10 29.40
0.1 7366 114.48 2715.90 25.13
0.25 6139 78.41 1855.40 15.48
0.5 4099 35.17 764.91 6.40
0.75 2047 19.24 242.26 1.53
0.8 1637 4.11 88.99 0.55

0.84 1228 0 0 0




