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Abstract
We characterize the functions defined on a noncompact interval, which
are uniformly approximated by a sequence of positive linear operators.
The particular cases of the Szasz-Mirakjan operators, the Baskakov oper-
ators, the Meier-Konig and Zeller operators, the Gauss-Weierstrass oper-
ators and the Bleimann-Butzer-Hahn operators are included.

1 Introduction

Let C(I) be the space of continuous functions defined on a noncompact interval
I CR. Forn €N, let A,: C(I) — C(I) be a sequence of positive linear
operators. We want to characterize those functions f € C(I) which can be
uniformly approximated by these operators, i.e.

sup [An(f,2) = f(@)] = [|[Anf = flloo = 0.

An important result in this direction is Theorem 2 from [7], which gives the
necessary and sufficient conditions for uniform convergence, when the functions
are continuous and bounded on I. Using the Ditzian-Totik modulus of smooth-
ness, the result is proved for a large class of positive linear operators preserving
constant functions and satisfying certain assumptions. In [5], the authors study
what happens if the boundedness assumption on the functions is dropped, and
give some results for Bernstein-type operators, using a probabilistic approach.

In this paper, we continue the work from the papers mentioned above. The
Theorem 2.1 is the general result which will be applied for particular cases of
operators. The contents and the proof of Theorem 2.1 a) are the same as those of
Theorem 2 from [5], but for a larger class of operators. The part b) of the same
theorem extends the result from [7]. But the main innovation, which is contained
in the Remarks 2.1 and 2.2, is a new method to find an appropriate function
 in connection with the Theorem 2.1. The results obtained in Corollary 3.1,
3.2 and 3.3 are not new, see [7] and [5], but are included to present our simpler
technique. The first part of Corollary 3.4 is also known, see [6], however the
second part of this corollary and the Corollary 3.5 are new results.



2 Main result

Let ¢: I — J be a continuously differentiable one-to-one map. Define the space
UC,={feC(I)|fop " is uniformly continuous on J }.

For a function f € UC, we define the following modulus of continuity

w?(f,6) = sup  [f(z) = f(t)|, for & >0,
x,tel
lo(z)—p(t)|<8

which generalizes the usual modulus of continuity. Actually, we have the relation

w(f.0) =w(fop™",0).
Proposition 2.1. For every function f € UC, we have

lim w?(f,0,) =0 whenever §, — 0.
n—oo

The converse is also true, i.e. if there is a positive sequence 6, converging to 0,
such that w?(f,0,) — 0, then f € UC,.

Proof. This property is true due to the property of the usual modulus of continui-
ty to be continuous at 0 only for an uniformly continuous function. O

Proposition 2.2. For every function f € UC, and for everyt,x € I and § > 0
we have

70 - sl < (14 EOZ2) o),

Proof. Let t,x € I. We have

10~ )] < (ol = o) < (14 L2 ) e,

the last inequality being true because
w@(f, A(S) = w(f © 90717 )‘5) < (1 + )‘) : w(f © Qoila 6) = (1 + /\) : w<p(f7 5)
O

Theorem 2.1. Let A, : C(I) — C(I) be a sequence of positive linear operators
preserving constant functions. Then

a)if sup,er An(Jo(t)—p(x)|,2) = an = 0 and f € UC,, then ||Anf — fll.o — 0
and moreover

”Anf - f”oo <2 'W(P(f7 an)~
b) if ||Anf — f||OO —0and A, f € UCQD, then f € UCLP.



Proof. Applying the positive operators A,, to the inequality

70 - sl < (14 EOZEON oy,

we obtain
Anlp(t) — o(z)]
1)

n

An(f,2) — fl@)] < (1 " ) P (,60).

Choosing 6, = a,, we obtain the inequality

| Anf — f”oo < 2-w?(f,an).

Using the result from Proposition 2.1, we obtain a). To prove b), we use the
fact that w? is a seminorm and obtain

w?(f,0n) SW?(f = Anf,0n) + WP (Anf,0n) < 2| — Anfllo + w7 (Anf,0n).

Using the result from Proposition 2.2, we obtain w?(A,, f,d,,) — 0, for a sequence
9, — 0. We obtain that w?(f,d,) — 0, which proves that f € UC,. O

Remark 2.1. For the positive linear operators A,, that transform the continuous
functions into differentiable functions we have the following method to find the
function ¢ and to prove that A,f is from UC,: by the Cauchy mean-value
formula we have for some ¢ between x and t, the relation

@' (A)[Anf(x) = Anf ()] = (Anf) (O)e(x) = (D],

(Anf) (c)
z,tel ¢'(c) '

W (Anf.0n) = sup [ Anf(x) = Anf(B)] < n sup]
s cel
[o(x)—p(t)|<on

If the quantity ||(Anf) /¢l is finite for all n, then we obtain the desired
convergence w¥ (A f,0n) — 0, as 6, — 0.

Remark 2.2. Now, having found a function ¢ for which ||(A, f) /¢'|| ., is finite
for every n, it remains to prove that sup,c; An(|¢(x) — ¢(t)|,x) is a sequence
converging to 0. But, in most of the cases, this is very difficult. To over-
come this, we use an idea from [7]: we take a function ¢ for which we have
sup,er An(|o(z) —(t)],2) = 0, when n — oo, and prove that f belongs to UCy
if and only if f belongs to UC,. This equivalence is true if we prove that gop~!
and @ o ¢~ 1 are uniform continuous functions.

3 Applications

Corollary 3.1. For the Szdsz-Mirakjan operators Sy : C[0,00) — C[0,00) de-

fined by
e k
s =3 Tl (B),

k=0




we have ||Snf — flloo — 0 if f(x?) is uniformly continuous on [0,00). If f is
bounded and continuous on [0,00) and ||Sy f — f|lec — O then f(2?) is uniformly
continuous on [0,00). We have also the estimation

1
150f = fll <200 (), 0= ). nz 1
Proof. We have (see for example [2]) S, (1,2) =1, S,(t,z) =z, S,(t?,z) =
%+ L Using the Cauchy-Schwarz inequality for positive linear functionals we
n

have

So(|t — x|, 2) < V/Su((t — x)2,2) = \/Sp(t2, 2 _m2:\/§.

For a bounded function f € C[0,00) the derivative (S, f) (x) fulfills

. [k k k
ﬁz.f v r— = efna:(nx)
x n n k!

k=0

f
oo f
We choose the function ¢(z) = v/ and d,, = 1/n, and using the Remark 2.1 we

obtain ,
(Snf) (@) | 2l lloo
@) |7 Vno
which proves that S, f o ¢~! is uniformly continuous. Using Theorem 2.1 b)

we deduce that f o ¢~ !(z) = f(2?) is uniformly continuous if S, f converges
uniformly to f on [0,00). To prove the other part of the Corollary, we use

|(Snf)' ()]

IN

= Iflle Sn(ft =zl ) < [If1l

w?(Spf,6n) < 0y - sUp
xel

1

|z — t] |z — t]
<

VZHVET Va

lp(z) — p(t)| = for x>0, t>0

to obtain

Sn(lt — x|, x 1
an = sup Sy (|¢(x) — ¢(t)],z) < sup Snllt—2l.2)

>0 >0 NG ﬁ

By Theorem 2.1 a) we obtain that S, f converges uniformly to f on [0, 00), if
f(z?) is uniformly continuous on [0, 00). O

IN

Corollary 3.2. For the Baskakov operators Vy,: C[0,00) — C[0,00) defined by
= mt+k—1 ok k

we have ||Vof — flloo = 0, if f(e®—1) is uniformly continuous on [0,00). If f is
bounded and continuous on [0,00) and V,, f converges uniformly to f on [0, 00),
then f(e* — 1) is uniformly continuous on [0,00). We have also the estimation

||an_f||oo§2'w<f(€t_1),\/7%), n > 2.

4



1
Proof. We have (see [2]) V,,(1,2) =1, V,(t,z) =z, V,(t?,2) = x2+w.

Using the Cauchy-Schwarz inequality we have

Va(lt = zl,2) < VVa((t = 2)%,2) = Vo (t2,2) — a2 = @

For a bounded function f € C[0, 00), computing the derivative

s () () (8 e

n Vi
Il Valt =l 2) < 51—,

we can choose the function ¢(z) = In (m—l— T 4+/z(1 —I—m)) and 4§, = 1/n.
Because ¢'(x) = 1/4/2(1 4+ x), using the Remark 2.1, we obtain

Val)'(@) | _ [ lloo
¢'(x) | vn'

which proves that S, f o ¢~! is uniformly continuous. Using Theorem 2.1
b) we deduce that (f o ¢~1)(z) = f((2¢* —1)%/8e) is uniformly continu-
ous if V,,f converges uniformly to f on [0,00). But the uniform continuity of
f ((2e™ —1)%/8¢”) is equivalent to the uniform continuity of f(e® —1). Indeed,
let ¢(z) = In(1 + x). Because the function

(Vo) (@) =

= z(1+4 )

(.L)d)(an, 5n) <6y - sup
zel

(poop™)(z) =In (1 + (26;;1)2> =2In(2e" +1) —x — In8

is uniformly continuous on [0, 00) (having a bounded derivative) and because

(pop !)(z)=In (em - % +/(e® — 1)e’c>

is also uniformly continuous on [0,00) (being a continuous function on [0, 00)
with the property that (¢ o ¢~1)(z) — 2 has a finite limit at infinity), we have
proved the equivalence stated. To prove the other part, we use the Geometric,
Logarithmic, Arithmetic Mean Inequality

uU—"v u—+v
Vuv < < , true for every 0 < v < u.
Inu —Inv 2

‘We obtain

1tz 1o |z — ¢ B l+z  [1+t
(o)~ ()] = | In(1+2)~In(1+)] < (1+x><1+t>“\/1+t i




Using the Cauchy-Schwarz inequality we get

an = supVu(le(z) —o(t)], z)
x>0
1 V(1 +1,2)
< s 1 V., [ — —= 2V, (1
< Zglg\/( +$)n(1+tax>+ 11z (1, 2)

and because

1 > /n+k—1 xk n
Vn(l—&—t’x) N Z( k )(1 o)tk 4k

k=0
n > /n+k—2 xF
<
= (n-1)(1+z) kz()( >1+x)” 1+k
B n
 (n—-1)(1+2)
we obtain
n 1
apn <y|——+1-2=——, forn>2.

n—1 vn—1
By Theorem 2.1 a) we obtain that V,,f converges uniformly to f on [0,0), if
f(e* — 1) is uniformly continuous on [0, o). O

Corollary 3.3. For the Meyer-Konig and Zeller operators M,: C[0,1) —

C[0,1) defined by
= (n+k . k
Z( i >xk(1z) +1f(n+k7)

k=0

we have ||M,f — flleo = 0, for those f such that f(1 —e™%) is uniformly con-
tinuous on [0,00). If f is bounded and continuous on [0,1) and M, f converges
uniformly on [0,1) to f, then f(1—e™%) is uniformly continuous on [0,00). We
have also the estimation

forn > 1.

0.1 = flle <200 (50 =), 2 ),
Proof. We have (see [3]) M,(1,z) =1, M,(t,z) =z and

(1 —x)? 22(1 — x)?

i <M, (t* z) —2* < ST for n > 3.
From these relations we obtain
1—-2)v2
M, ( 2) < L —27) = ML () — a2 < Lo V2

T ov/n+1



A simple computation yields

|(My f) ()]
n+l = (n+k+1 o k k
T el —2)? 4 ( ) (1 =)™ (n+1+k_x>f<n+k>|
n+1 2(n+1)
Sﬁ [flloo - Mpsa (|t — 2],z )<\|f||oom~

We choose ¢(x) = In 1+§, because ¢'(x) = m We have ¢~ !(z) =

. N2
(;f&) , so using Remark 2.1 and Theorem 2.1 b), f o ¢! is uniformly con-

tinuous on [0, 00), if we have ||M,f — f|lcc — 0. But the uniform continuity
of fo¢™! on [0,00) is equivalent with the uniform continuity of the function
f(1—e™®) on [0,00). Indeed, let p(x) = —In(1 — z). If we prove that the func-
tions ¢ o ¢~ and o ¢! are uniformly continuous, the equivalence is proved.
But

1+vV1—e "
(1 —+v1—e%)e
1

is a continuous function on [0, c0) having a finite limit at infinity, so, ¢ o p~* is
uniformly continuous on [0, 00). The function

(pos)(z) = —In (1 - (ex - 1)2> — 2 (e” + 1)~z —Ind

(bop™)a)—a=1n

:21H(1+m)

e +1
has a bounded derivative, so it is uniformly continuous on [0, o).

To prove the other part, we use the same Geometric, Logarithmic, Arithmetic
Mean Inequality and we obtain

lp(2)—(t)] = [=In(1—z)+In(

1-1)| < |z — ¢t :‘\/1—30_\/1—1&
“Va-o1 -1t |VI-t Vi-z|

We have

n+1 1
an = sup My(lp(x) —p(t)],2) < sup \/1z+ THl—2=—,
! z€[0,1) ! z€[0,1) n Vn

because

1 T A n+k n+l z
M, |—,z) = 1—y)"tt. =1 : .
(l—t’x> k;)( k >I( v) n LR g

By Theorem 2.1 a) we obtain that M, f converges uniformly to f on [0,1), if
the function f(1 —e™%) is uniformly continuous on [0, c0).



Corollary 3.4. For the Gauss-Weierstrass operators

W, (f, ) + f(u) du,

_Vn /

V2r J s
defined for continuous functions on R, for which the integral is finite, we have
the uniform convergence ||[Wyf — flloo — 0, if f is uniformly continuous on
R. If f is bounded and continuous on R and P, f converges uniformly to f on
the whole real axis, then f is uniformly continuous on R. We have also the
esttmation

forn > 1.

1
Wn - [e%s} S 2- s T — |
199, = fllo < 200 (1, )
Proof. We have W, (1,z) =1, W, (t,z) =z, W,(t* x) =22+ %, and

1
Wo(jt — z|,2) < VWa((t — )2, 2) = /W, (12, x —x2§%.

Because the derivative

(W f) ()] = n[Wa((t = 2) (1), 2)] < 2l flleWa (]t — 2|, 2) < Vnl[f]]sc,

is bounded for every n, for a bounded and continuous function f, we consider
() = x, and by Remark 2.1 and Theorem 2.1 b), we obtain that f is uniformly
continuous, if ||W,, f — f||lcc = 0. Conversely, W,, f converges to f uniformly on
R, if f is uniformly continuous on R, because of the Theorem 2.1 a) and because
the sequence

an = sup Wy (|o(x) — ¢(t)], z) = sup W (lz — 1], 2) <
zeR z€R

3\

converges to 0. O

Corollary 3.5. For the Bleimann-Butzer-Hahn operators L, : C[0,00) — C[0, 00)

defined by
Ln(f,2) = Z (Z)xk(l +a) " f (n—/i—&—l)

k=0

we have ||Lnf — fl|loo — 0, for those f such that f(x=2 — 1) is uniformly con-
tinuous on (0,1]. If f is bounded and continuous on [0,00) and L, f converges
uniformly on [0,00) to f, then f(z=2—1) is uniformly continuous on (0,1]. We
have also the estimation

1
vn+1

Proof. We have (see [4]) M,(l,z) =1, M,(t,z) =z —= (L>n and (see [1])

|Lnf—f||oo<2'w<f(t_2—1), ), forn > 1.

14+x

3z(1+ )2

Ln t— 27 <
((t =2 2) < = =5

, forn>1 and z > 0.



From these relations we obtain

5 (1 +2)V3a
Ln(|t = zf,2) < /Ln((t — 2)?,2) < VI

A simple computation yields

, _|n+1 " /n ol k nx k
|(Lnf) ()] = - kZ_O(k>(1+x)n(n+1_(1+n)(1+x)>f<n—k+1)‘
n+1 t nx
< - '|f||OC'L"<‘1+t_(1+n)(1+CE) ,a:),
and because
t ne
(r27) = aEae
I t 2 _ n2x? nT
" <1+t> )T TFnpare? | AnrP+a)

we obtain, by applying the Cauchy-Schwarz inequality

v
L+a)Ve

We choose ¢(z) = 2 arctan \/x, because ¢'(z) = m The inverse of ¢,

(L f) (@) < [If]loo

namely ¢~ !(z) = (tan %)2 is defined for z € [0, ), so using Remark 2.1 and
Theorem 2.1 b), f o ¢! is uniformly continuous on [0, 7), if we have ||L, f —
flloo — 0. But the uniform continuity of fo¢~! on [0, 7) is equivalent with the

uniform continuity of the function f(x=2—1) on (0, 1]. Indeed, let p(z) = \/114_7
1

and ¢ o ¢~ ! are uniformly continuous,

If we prove that the functions ¢ o ¢~
the equivalence is proved. But

1_ 22
(pop H(z)=2 arctanTx

is a continuous function on (0,1] having a finite limit at = = 0, so, ¢ o ™! is
1].

uniformly continuous on (0, 1]. The function

(po (/5_1)(37) =T = cos 5
1+ (tan %)

has a bounded derivative, so it is uniformly continuous on [0, 7).
To prove the other part, we use the inequality

()= (t)] WVIFE-VIFa] 1 It — |

1 1 ‘

T IVitr Vitil JOto(+t ViteJIra)(l+b)



and applying the Cauchy-Schwarz inequality, we obtain

1 (x —t)2
Ln(lp(z) — )], z) < \/m\/L” ((1—!—1‘)(1—1—0,1)

1 1+2x 1+t
——\|Ln | 7/ L, &) —2Ln(1,2).
Ter\/ (1+t x>+ <1+m x) (1,z)
Using

1+ t nr T
Lo (22 2) = +a)L, (1— ) =1+z— 1
(1+t x) (1+2) ( 1+tx) LR f e

and

1+x—x(i>n n+1

14t 1

Ln< + a:):Ln(1+t,x): e :1-( v )
1+

142’ 14z 14+

we deduce that the sequence

an = sup Ln(Jo(z) — o()], 2) < sup —— z —< ’ >n+1< L
n A e L = At a\n+1 \1+z) " Vn+l

is convergent to 0, so, by Theorem 2.1 a) the sequence L, f converges uniformly
to f on [0,00), if f(z=2 — 1) is uniformly continuous on (0, 1]. O
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