Seminar 11

Aplicatii ale teoremei reziduurilor
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11.1. Sa se calculeze / ——  dz, unde a > 1.
0o aGa-+sinzx
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11.2. Sa se calculeze / SR g

o 9+4cosx

1
11.3. Sa se determine seria Fourier a functiei f(z) = ———.
2+ cosw

11.4. Sa se Calculeze/ c4osx dz.

o xt+4+4
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Scriind sinx = si notand z = €™, obtinem

Solutiile ecuatiei 2aiz+2%—1 = 0 sunt 2; = _Qa% Vi—da® _ 4 (\/ a?—1-— a) Sizo = —i (\/a2 -1+ a).
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Deoarece |zo] > 11 21| =a—vVa? -1 = o= < 1 rezultd, pe baza teoremei reziduurilor,
ca

1 1 2
I = 47i Rez <— 1) — A - m

Saiz+ 21" 2ai+ 22, Va2 -1

11.2. Folosind paritatea functiei de sub integrala si periodicitatea ei, obtinem
]:1/” sin® na dle/% sin’ na dle/%l_COSQmjdx.
2)_5+4cosx 2 )y S5+4cosz 4 )y S+4cosx

Cu schimbarea de variabila z = €', rezulta
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Solutiile ecuatiei 5z + 22% +2 = 0 sunt z; = —3 §i 2o = —2. Cum || < 1 si
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29| > 1, obtinem
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11.3. Fiindca f este para si are perioada principala T" = 27, seria Fourier este de forma
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ap
= 5—1— 5 a, COS N,
n=1

unde a,, se calculeaza cu formula

1 27
:—/ f(z) cos nz dz.
T Jo
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n e( /|Z|14z+z2+1 )

Punctele singulare sunt z; = —2 + /3 si 20 = —2 — /3. Fiindca |z| < 1 si

Z" 2
» = 4R _ = —
a ez (4z+22+1 zl) Ve

Notand z = €', avem

(—2 + \/§>
Seria Fourier este

1 1
-2 eR.
G pp— \/_ \/_Z +V3)"cosnz, =

11.4. Folosind paritatea functiei de sub integrala, obtinem

* cosx 1 [ coszx 1 oo e
[= dr=- [ % - 1R dz ) .
/0 Arat 2/_Oox4+4 T e(/_oox4+4 x)

Solutiile ecuatiei 4 + 4 = 0 sunt x;, = (—4)% — eilnati(r+2km)] — /9. (3+F) | Sunt 4 solutii
diferite

xoz\/ﬁe%zl—i—z’, xlzﬁe%:—l—l—i,
Ty = 26%:—1—2', \/_673”—1—2

Calculand reziduul intr-un punct singular xy

R ezi exki xkexki
eZ —. X = - = —
Apqk 4} 16

Valoarea integralei este

I =Re {m’ Rez <zfj,xo> + mi Rez (24 i )] =——"Re (w: e + iz e”l)
70
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=~ Re[(—=1+i)e ™ 4 (=1 —i)e ] =

16 (cos1+sinl).



