Seminar 4

Integrale cu parametri

Y 1In(1
4.1. Sa se calculeze F'(y), unde F(y) = / de, y > 1.
1 x
Z’3+y3 89
4.2. Se da g(z,y) = / f(z? +y* +t)dt. Se cere —=.
24y ox

t2 2z+t
4.3. Se da g(t) = / (/ sin(z? + y* — %) dy) dz. Sa se determine ¢'(¢).
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sin7mx — sin x
—dx.
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4.4. Sa se determine valoarea integralei / e’
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4.5. Sa se calculeze / In(cos® z +m? - sin® z) dz, m > 0 si si se deduca valoarea integralelor
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/2 In(cos z) dz §i/ In(sin z) dz.
0
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Indicatii la problemele propuse

4.1. 9 1
F'(y) = “In(1+%?%) — = In(1 +y).
Yy Yy
4.2. 5
a_i = (322 4 22) f(2® + v + 2° + y°) — 4z f (222 + 2¢7).
4.3. Notam
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Fat) = / sin(a? + 4 — 2) dy.
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Folosim formula de derivare a integralelor cu parametru.
2 af

g'(t) = 2tf (%, 1) + 0 5 (0 da

Se obtine

2624t t2
Jgt) = 2t/ sin(t' — #* + y?) dy + / sin(z® 4+ (2o +t)* — t*) dz
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2 t2 2z+t
+ / sin(z? 4 (20 — t)? — t*) dz — 2t/ (/ cos(z? + 3 — %) dy) dz.
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2 SEMINAR 4. INTEGRALE CU PARAMETRI

4.4. Putem scrie

/ e‘m.—smﬂx_smxdx:/ e_x-(/ costxdt) dm:/ (/ e‘“”costwdx) dt.
0 z 0 1 1 0

Prin integrare prin parti fooo e *costrdr = Atunci [ = arctgm — =

t2+1 4

4.5. Avem o integrala cu parametrul m.

ks 9 .2 t
I/(m):/2 msmx'z d:L’—Zm/ g:v dz
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cos? x + m? sin 1—i-m2 tg?x
tg x=t, dx—1+t2
/°° dt
= 2m . .
o l+m2e2 142
Pentru m # 1, descompunem fractia in fractii simple
2 _At+B  Ct+D
(1+t2)(1+m2t2) 12 T4 m2e?
Obtinem A=C =0, B = m2 7, D = —>—. Rezulta
2 o dt 2 o0 1
I'(m) = 2m L dt
m?2—1J, 14+t2 m2—-1), 1+m2t?
2m tot > 2m 1 /oo 1 a
= rc — - —
mz—1 8 o m*—1 m? J; t2+#
m 2 arctg(mt) | m 2 T T
— — — I - — =
m2 — 1 m?—-1 |, m? — 1 m2—1 2 m+1
Pentru cazul m = 1, avem
> 2t dt t | >~ 1
1'(1):/ o2t +/ Loy
0 (1+1¢2)2 24+ 1, o 241 2
Rezulta q
Ilm)=m m—leﬁln(m%—l)%—C’.

Pentru calculul constantei, facem m = 1. Din enunt, avem (1) = 0, iar din rezultatul obtinut
avem
Il)=mn2+C =7rln2+C=0 =C=—-rln2.
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Rezultd cd I(m) =7 In . Pentru m = 0 rezultd / In(cosz) dz = gln 5= —g In 2.

0
Considerand m = E si inlocuind in integrala cu parametru se obtine

1 s 1 s ™
[(—) :/2111 (cos x+—251n x> dx:/an(a%os?x—i—sin?x) dx—/an(cﬂ) dz.
a 0 a 0 0

Pe de alta parte, 1 (i) =mln ““ De aici rezulta,

3 1 3 1
/ In (a20082$+sin2x) dr =7mln a2+ +/ In (az) dx:ﬂlna; .
0 a 0

Trecand la limita cu a — 0, obtinem /2 In(sinz) dz = —g In2.



Probleme suplimentare

sin’ tx
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4.6. Se da f(t) = / i

dz. Sa se calculeze f'(1).
a+t
t
4.7. Seda F(t) = [ f(z)-(t —2)" ' dx. Sa se calculeze F(™(¢).
0
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4.8. Sa se calculeze / arcre T dzx.
0

1+

& in6x - sin4
4.9. Sa se calculeze / e’ S - SIMAL dzx.
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4.10. Sa se calculeze /

o Sinz

71 (1+asinm
In [ ——2
1 —asinz

) dz, a € (—1,1).

jus

4.11. Sa se calculeze /2

-arctg(asinz) dz, a > 0.
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4.12. Sa se calculeze —dzx.
0o V1 — a2

(1+ ax)
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4.13. Sa se calculeze / - dz, a > 0.
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4.14. Sa se calculeze / In(a® — sin®z) dz, a > 1.
0



