Filtering the data signals
Necessity
- one of the effects of band-limitation (by filtering) of a rectangular impulse, of period T, is its
»extension” in time, which leads to the occurrence of Inter-Symbol Interference (ISI).
- if ay is an impulse occurring in the k-symbol period, x(t) is the time-response of the filter and 7 the delay
inserted by the filter, then the signal at the filter’s output would be:

y(t) = ;1 ayj - X(t = KT, —iT, = 1) = aj ox(t = kT, —= 1) +_ % Oaki~x(t—kTg—iTg—‘c); ©<T; (1)
i=-n i=—n iz

- i.e., the filtered impulse has a main lobe ayy and a series of side lobes ay, which occur in the previous
symbol periods, i < 0, and in the subsequent symbol periods, i > 0; these side lobes would affect the
symbols transmitted during those symbol periods. The amplitudes of the main lobe and of the side lobes
depend on the time-response function of the filter employed.
- the signal obtained by filtering a stream of data pulses by an LPF filter is presented in figure 1, which
also outlines the delay, inserted by the filter, that generates the previous lobes
- the filtered signal presents significant amount of Inter-Symbol Interference (ISI), which modifies
significantly the values of the resulted signal and inserts an uncertainty about the time instants when it

reaches the values of the modulating levels.
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Figure 1 Filtering of data signals with LPF filter that does not ensure ISI cancellation.
a. data levels. b. individual filtered pulses and the resulted signal. c. sampling of the filtered signal

Nyquist filtering criteria

- to avoid the distorting effects of ISI upon the filtered signal, the filter’s impulse response should equal
zero at well-defined time instants, called probing moments, except for one, called main probing moment.
- Nyquist showed that in order to transmit symbols with a period T, in a frequency band [0, fy= 1/2T=
fy/2] with ISI = O in the probing moments, the impulses should be filtered with a filter that has the
frequency characteristic and time response defined by relations (2).a and (2).b, respectively.

- the frequency characteristic and the time-response of (2) are shown in figures 2 and 3, respectively.

- this characteristic is called the ideal Nyquist characteristic, because it is not feasible

- the time response of the ideal Nyquist filter equals zero in every symbol period, at the middle of the
symbol period (probing moments), excepting one symbol period, within which at the sampling moment
the filtered impulse reaches its nominal value.



- due to this property, in the probing moments the filtered impulse would not affect the values of the
impulses transmitted in the previous and subsequent symbol periods, thus ensuring a null ISI in these
time instants.
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Fig. 2. Frequency characteristic of the ideal Nyquist filter [|Figure 3. Time response of the ideal Nyquist filter

- to obtain a feasible filtering characteristic, one of the conditions imposed in the Nyquist ideal filter,
should be “relaxed”; the three possibilities of doing that are:

a) increasing the BW of the Nyquist filtering characteristic;
b) accepting a controlled non-zero ISI;
¢) decreasing the symbol rate;

- fulfillment of condition a) leads to the first Nyquist filtering criterion.

- fulfillment of condition b) leads to the second Nyquist filtering criterion — it generates the so called
“Partial Response Techniques”.

- fulfillment of condition c) is not to be considered since it leads to a) and decreases the bit rate.

Nyaquist first filtering criterion. The Raised-Cosine filtering characteristic (RC)
- the frequency characteristic of the this filter is given by (3), where a denotes the “roll-off factor”;
- it is the ratio between the additional frequency BW and the minimum required BW (fy). a=EBW/fy
- the modulus of the characteristic is represented in figure 4 for o = O (the ideal characteristic —
approximate), 0.5 and 1.
- because its expression is a squared cosine, this characteristic is named “raised cosine” (RC).
- the ideal characteristic X(®) (2), which does not require an excess (additional) BW is obtained by
making a — 0 in (3), wher o = Egw/Mpw
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- comparing expressions (2).b. and (5) or figures 3 and 5, we see that the side lobes of the response of
the filter with extended bandwidth are significantly smaller than the ones of the ideal filter’s response;
this is due to the second factor of (5), which is generated by the additional frequency bandwidth used.

- the attenuation of the side lobes increases with the increase of the roll-off factor.



- if t = kT - T42 is the beginning of the

" symbol period, then the probing moment is
o / \ shifted with T = T¢2 and occurs at the middle
o of the symbol period; so the probing instants
3 / \ are t = kT,.
5 o / \ - the probing moments have the same
< oz properties as the one described for the ideal
N B / \ e Nyquist filter.
' w \J‘f - figure 6 presents the filtering of successive
RS B B S 7 z 5 data pulses performed by an LPF RC filter.
Figure 5. Impulse-response of the[/;QC filter with a = 0.5 - note that the ISI = 0 in the probing
moments, when the filtered signal reaches

its nominal values.
- in figure 6 the probing moments were shifted with T2, see considerations above;
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Figure 6 . LPF-RC filtering of data signals.
a. data levels. b. individual filtered pulses and the resulted signal. c. sampling of the filtered signal

- also note the constant delay of 4-T inserted by this particular implementation

The Root-Raised Cosine filtering characteristic (RRC)

- to ensure best performances in the presence of noise, the RC filtering characteristic is equally split
between the transmitter and receiver.

- this involves the signal filtering, both at the transmission and receiver ends, with characteristics, Gg and
Gg, which equal Xm1 2, see (0).

X (0)=GE(®)-GR(®):Gr(®)=Gr(®=Xq" () ; ©)

- if the receive filter is placed before the demodulator, at its input the signal is filtered with the product
Gg-Gg, 1.e. an RC characteristic.

- the implementation of an RC characteristic is equivalent to the implementation of two RRC
characteristics, be them LP or BP-type.

- the mathematical expression of the RRC characteristic is expressed by (7) and depicted in figure 7, for
a = 0.5, and 1; the ideal Nyquist characteristic is also presented, for reference.
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- this characteristic is also named a “cosine” characteristic.

- the characteristic defined by (7) is a LP one; - the BP-RRC can be obtained similarly to the RC
characteristic, and the BW of the filtered signal is also given by (4).

- the impulse response of this characteristic is defined by (8) and is shown in figure 8.
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Note that:
¢ the impulse response of the RRC filter, o > 0, does not have null values at the probing instants;

e the amplitude of the filtered signal is higher than 1 in the in the main probing moment; the amplitude
of the filtered signal in this moment increases with the increase of a.

- the amplitudes of the side lobes decreases with the increase of o.

- though the filtered signal transmitted in the channel has a non-zero ISI in the probing instants, the
signal at the demodulator’s input, i.e. before the probing block, has a ISI = 0, due to the RRC filtering
performed in the receiver, i.e. the global impulse response is (4), exhibiting SI =0 n all probing instants,
except the main one, t = 0.

Considerations regarding the implementation of the filtering characteristics

- the Nyquist-type characteristics (RC and RRC) can be implemented using either analog or digital
filtering structures.

- the analogue implementation with passive components requires the high-order LC filters;

- the design of these filters is complicated due to the requirements imposed to the group-delay time
characteristic (ISI=0). Their implementation requires a rather complicated technology.

- the analog implementation using active RC structures involves a rather high number of low-tolerance
passive components. Therefore, the analog implementation should be used only for high frequencies,
where the digital implementation is not available.

- still, for low roll-off factors, the analog implementation becomes very difficult and inserts relatively
large approximation errors.

- a more adequate method is the digital implementation using Finite Impulse Response (FIR) digital
structures that exhibit a linear variation of the phase, in terms of frequency. They can be implemented on
Digital Signal Processors or on specialized circuits, due to the relatively high number of taps required.

- the filtering characteristics using the Hilbert characteristic can be implemented only using these digital
structures, in order to ensure a reasonable accuracy.

- some considerations regarding the digital implementation of the RC, RRC and Hilbert filtering
characteristics with FIR structures are presented in the Annex.



PAM Transmission in band-limited AWGN channel

- The bandwidth limitation of the PAM signal is equivalent to the replacement of the unity step pulse u;
(t-kT,) with the LP-variant of the shaping (RRC) filter, hg, (-kT), also denoted as A grg.

- The band-limited PAM signal is expressed in this case by:

Spam (t)zzmk 'hFFE(t_kTs) )
k=0
- The signal received from an AWGN channel is then:
Foant (1) = DMy b (1 = KT ) +1(1) (10)

k=0
- to decrease the noise power in the receiver’s input, the signal should be filtered with the LP shaping
(RRC) filter FFR and a LP flat filter whose pass-band slightly greater than the bandwidth of the
received signal (see figure on the blackboard). The PAM’s expression at the output of this filter is:

y(t)zgmk '(hFFE(t_kTs)*hFFR(t_k’Ts))+(n(t)*hFFR(t_kTs)) (L1)

- denoting by h(t—kTy) = hppe(t — kT ) * hppe (1 — kT, ) the impulse response of the composite filter

obtained by concatenating the shaping filter at the transmitter (FFE) and the shaping filter at the
receiver (FFR), and by w(t)=n(t)* hsr(t—kT,) the noise filtered by FFR, equation (11) may be

rewritten as:

y(t) = my - h(t—KT,)+w(7) (12)

k=0
- The filtered input signal is probed (sampled) at the t = nT time instants, when the ISI = 0, and we
get the probed samples y,, which are used to make the decision on the received level:

yn:y(nTs):imk'h(nTs_kTs)+W(nTs) (13)

k=0
- If the shaping filters at the transmitter and receiver are chosen so that by their concatenation to
provide an RC characteristic, then using (5) we may say that:

0 k=+
h(nT, —kT,) = " (14)
1 k=n
and:
yll :mll+wll (15)

- If the channel noise has the spectral power density equal to Ny, the power of the probed filtered
noise signal would be:
o’ =P =" (w(r))dr=]"

—oc0

oo 2 oo
(j n(z‘)-hFFR(z'—kTs)dz') dt =Ny [~ (hye (1=KT))) dt = Ny&  (16)

- For the RRC filters, the coefficient ¢ equals 1, and so the variance of the probed filtered noise
would be the same as the one of non-filtered noise. In this case the performances of the band-limited
PAM on the AWGN channel are the same as the ones of the PAM with no band limitation on the same
AWGN channel, assuming that the noise power is computed the bandwidth of PAM signal.
- The block diagram of the transmission chain of a band-limited PAM is presented in Figure 9.
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Figure 9. Block diagram of a band-limited PAM transmission

- If the PAM modulated signal is translated on a carrier frequency f., by using a DSB-SC modulation,
the resulted signal is an Amplitude Shift Keying (ASK) signal. The modulation is performed using
any DSB-SC modulator, e.g., a chopper-based one placed at the transmitter’s output; its demodulation
can be made by a product coherent demodulator, which is inserted before the FFR in the receiver.

- the modulation-demodulation of ASK will be presented in the chapter on ASK



Annex

The following paragraphs are not required for the 3rd year examination. They would be useful for
those studying more deeply this domain and will be used in the 4th year within the Data
Transmission lectures.

Other filtering characteristics employed in digital transmissions

Hilbert filtering characteristic
- this filtering characteristic, defined by (17), is an all-pass characteristic with a unitary modulus and a
constant phase (18).

-Jj; ®>0; -7/2 >0
17 Hw) =1, P(0)= ; 18
H(jo)=40; ®o=0 a7 | ()| (@) {+n/2 0<0 (18)
v o<O0

- it could be implemented only within a limited frequency BW (19.a) and its impulse response can be
computed in that BW or, for the achievement of a causal characteristic, within the BW defined by (19)
.b. In (19), f. denotes the sampling frequency employed by the digital structure that implements the
characteristic.

fel-f./2;f./2];(a.) fel0;f.];(b.) (19)
- the resulted characteristic is a LP one; to implement a
BP characteristic, centered on w., @ should be replaced
by (®- w).

- the impulse response, hl(t), is obtained by computing

hl (t/T.)

=0.41

=0.61

the IFT in the limited BW and is expressed by (20); it is
an anti-symmetrical response, since hl(t) = -hl(-t),
represented in figure 10.
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Figure 10. Impulse-response of the Hilbert filter

Root Raised Cosine-Hilbert filtering characteristic—- RRC-H

- this filtering characteristic is composed of the (RRC) and Hilbert characteristics;

- the frequency characteristic is obtained by multiplying the RRC (7) and Hilbert (17) characteristics.
The resulted modulus is similar to the RRC one of fig. 7, except for the zero inserted at ® = 0 by the
Hilbert characteristic (17), see fig. 11.

- the impulse response, obtained by applying the IFT to the product of the component characteristics, in
the frequency band we [~an(1+Q), +@y(1+a)] is:
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Figure 11. The G(w/oy) characteristics of the Figure 12 Impulse response hgqu(t/T) of an RRC-Hilbert,
RRC-Hilbert filters for a =0,0.5,1; T=1 filter for a. =0, 0.5, 1; T =1

-the resulting expression, for x = t/T, T — the symbol period, is given by (22) and shown in figure 12.
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Implementation of the filtering characteristics with the FIR digital filtering structures — will be
studied in the Digital Signal Processing course

- This paragraph only represents a simple presentation and does not cover ‘“deeply”’ the topic. It
would not be included in the MT examination topics. It will be used in the Data Transmissions
laboratory classes in the 4™ year

(22)

General aspects

- the FIR transversal structure, shown in figure 13,

is described by the finite-differences equation (23),

where:

® x(n-i) denotes the current sample of the input
signal, sampled with frequency f. at time t= nT,
and delayed with i sampling periods

e h;, denote the filter coefficients

® y(n) denotes the current sample of the output
filtered signal. \_}_}
E |— y¥{o) sunnal dejesin

N -1
y(n) = ¥ hj-x(n-i) (23)
i=0

Figure 13. Basic diagram of a FIR transversal filtering structure

- the impulse response of this structure has a finite duration, being null after N sampling periods

- the values of the coefficients represent the samples (t = iT.) of the impulse-response of characteristic to

be implemented; this is proven by inputting in (23), unity-impulse of period Te.

- this structure is stable, because it has no poles in the transfer function

Conditions for the linear phase variation vs. frequency

- it is required to ensure a constant group-delay time vs. frequency characteristic

¢ if condition (24) is imposed, then a symmetrical impulse-response is obtained, besides the constant
group-delay time given by (25):

hi=hnii; (24); <I>(6)=-N_1-(0Te; a. ng_dCD =M-Te; b. (25)
2 do 2

¢ if condition (26) is imposed, then an anti-symmetrical impulse is obtained; the phase and group-delay
time vs. frequency are given by (27)

hi = - hnoiis (26); P(0)== N-1 N-1

“OT.; a. T,=—Te b. 27)
2 T

| a

Implementation of the RC and RRC filtering characteristics

- the coefficients of the FIR filter are obtained by computing the values of the impulse-response at time
instants t =1-Te

- because the impulse responses of the RC and RRC filtering characteristics are spread infinitely in time
domain, their time-length is truncated to a finite number L of period symbols.

- because their time-responses are symmetrical, with respect to the main probing moment, t = 0, the
number of symbol periods L should be even, and h; = h;, (24), so the group-delay time is constant vs.
frequency.

- if we employ m samples per symbol period, and the sampling frequency observes (28), the number of
samples (filter’s order) is expressed by (29)equation reference goes here.

f,=mf,—>T=mTs f,= UT; (28); N=mL+1 (29)

- the RC characteristic

- by sampling the RC impulse-response (5) at equidistant time-instants t/ T = -(mL/2) + i/m we get the
coefficients h; (30). Because the symmetry of the impulse-response (17), we need to compute only h;, for
i20
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- the coefficients with indexes i = 0 and m/2a, for m/(2a)e N, should be computed using the 1’Hospital
rule, see (30)
- the group-delay time inserted by this structure is:

Tg = Te(N-1)/2 = T(N-1)/(2m) = T L/2; 3D

-the RRC characteristic
—by sampling the time-response of the RRC characteristic (8), we get the coefficients of the FIR
structure that implements it, (32). The number of coefficients are computed similarly as for the RC.

sin[li (1I-a)]

B = 410Li : mni + 2% cosE (1))} ie {o,..,%}
m 1_( )2 b T m (32)
m m

1 4o
hreo=— (-0t +—);
m o

- the coefficients with indexes i = 0 and i = m/(4a), for m/(4x)e N, should be computed using the
I'Hospital rule.
- the delay inserted by this structure is also given by (31).

the Hilbert filtering characteristic
- the coefficients of the FIR implementing the impulse response of the Hilbert characteristic, are
obtained by sampling (20) and are expressed by (33). The even-index coefficients equal zero and, since

the impulse-response is anti-symmetrical, h; = - h, only the odd positive-index coefficients should be
computed.
2
—;i=2p+1
hi=din P e (0, (N=1)/2; (33)
0 i=2p

- the filter inserts an additional delay of [(N-1)-T.]/2 and the BW within which relation (19) is fulfilled is
(-fe/2, £-/2) around the central frequency f..

the RRC-Hilbert filtering characteristic

- its coefficients are obtained by sampling, in a similar manner, the impulse-response of (22)

- considerations regarding the implementation of the RRC-Hilbert and RC-Hilbert characteristics are
presented in literature.



