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Continuous control vs. digital control
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Introduction

m The analog-to-digital (A/D) converter: samples a physical variable m(t) and converts it
into a binary number.
m Conversion of the analog signal m(t) to m(kT), occurs repeatedly at instants of time T
seconds apart.
m T is the sample period
m 1/T is the sample rate in Hertz.
m The compensator algorithm is usually in the form of difference equations = a discrete
u(kT) at each sample instant.

m u(kT) is converted to a continuous u(t) by the digital-to-analog (D/A) converter and the
hold:

m the D/A converter changes the binary number to an analog voltage,
m a zero-order hold maintains that same voltage throughout the sample period.

m The resulting u(t) is then applied to the actuator in the same manner as the continuous
implementation.
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Introduction

The advantages of using digital control:
m Improved measurement sensitivity; the use of digitally coded signals
m Reduced sensitivity to signal noise
m The capability to easily reconfigure the control algorithm in software
m Wide application of digital devices and communications
|

Low-energy signals required by digital sensors and devices
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Introduction

Two basic techniques for finding the difference equations for the digital controller:
m Discrete equivalent - consists of designing a continuous compensation using methods
described in the previous chapters, then approximating the compensator transfer function
using methods that will be described in the following sections.

Gc(s) — Gc(z) — difference equation

m Discrete design - the difference equations are found directly without designing the
continuous compensator first.
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Sampling

Shannon’s sampling theorem

A function f(t) that has a bandwidth wy, is uniquely determined by a discrete set of sample
values provided that the sampling frequency is greater than ws = 2wy,.

The sampling frequency ws = 2wy, is called the Nyquist frequency

m A useful rule in applications is to sample the signal at about 10 times higher than the
highest frequency thought to be present.

m Sampling period (or sampling time) is determined from ws (in rad/s):

2 2
ws:27rfs:—ﬂ = Ts:—ﬂ
Ts Ws
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Sampling. Example 1

u(t) = cos2t, the frequency is: wp = 2 rad/s.

B ws =2wp=4rad/s, T =27 /ws = 1.57s.
®m ws = 10w, =20 rad/s, T =27 /ws = 0.314s.
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Sampling. Example 2

u(t) = cost + cos2t + cos4t the highest frequency is: wp, = 4 rad/s.

B ws =2wp =8rad/s, T =27 /ws = 0.78s.
m ws = 10w, =40 rad/s, T =27 /ws = 0.157s.
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Sampling. Aliasing

m If a signal is sampled below Shannon’s limit, then a lower frequency signal, called an alias
may be constructed.

m Example: u(t) = cos(2t), and u(t) = cost + cos 2t + cos4t, the sampling frequency:
Ws = 1.5wb.

m Apparently the sampled signal has a different form, with a lower frequency. This situation
is known as aliasing.
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Sampling in control systems

m Several approaches are available.

m It is rather a problem of experience than some exact procedure.

m Shannon’s theorem usually gives a lower limit for the sampling frequency.
[

Choose the sampling frequency as:
bwp < ws < 25wy

(two to nine samples on the rise time of a step response)

For example, for a first order system Gi(s) the sampling period may be

B 1
N T()S + 1
chosen as:

T
TO<T5<T0
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Sampling. Example

1 1

Gi(s) = , Gos) =
1 2
Tos+1 72524_7(5_'_1
w? Wn

m For To =1, ( = 0.7 and w, = 1 the systems’' bandwidth frequency may be approximated
by Wp1 = 1/T0 and Wp2 = Whp.

m Shannon theorem:

2w 2w 2w Ty
Ws1 Wh1 Ts ) s 2(.(.}[)1 2 10
2 2 2w T
Ws2 “h2 Ts ’ s 2wb2 2w,, Wn
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Sampling. Example

Shannon theorem: ws = 2wy,. Step responses are:
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Sampling. Example

T
First order system ws1 = 6wp1 (Ts = Top = 1) or ws1 = 25wpy (Ts = TO = 0.25)
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Sampling. Example

Second order system wsy = 6wpy or wsr = 25wWp)
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Continuous control vs. digital control - again
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Sampled-Data Systems

A sampler is basically a switch that closes every T seconds for one instant of time.

Sampler

r(t) r(t)

continuous signal sampled signal

The input is r(t) and the output r*(t) where nT is the current sample time and the current
value of r*(t) is r(nT).

r*(t)=r(nT)-0(t —nT)

where ¢ is the impulse function.
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Sampled-Data Systems

r*(t) a string of impulses starting at t = 0 spaced at T seconds and of amplitude r*(kT).

r*(t) = i r(kT)o(t — kT)
k=0

r(t)
>

Time (kT)

Time (t)

17 /43

Digital control systems
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Sampled-Data Systems

m A digital-to-analog converter: a device that converts the sampled signal r*(t) to a
continuous signal p(t). It can be represented by a zero-order hold (ZOH) circuit.

m (Figure) A sampler and zero-order circuit (left); the response of a ZOH to an impulse
input r(kT), which equals 1 when k = 0 and equals zero when k # 0 (right):

mpler
Sample zero-order hold

Gyls) >

Time

ZOH - takes the value r(kT) and holds it constantly for kT <t < (k+1)T.
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Sampled-Data Systems

m A sampler and ZOH can accurately follow the input signal if T is small compared to the
transient changes in the signal.

m (Figure) The response of a sampler and zero-order hold for a ramp input r(t) = t.

T 2T 3T Time
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Zero-order hold (ZOH)

Aut) 1)

T

T

a(t) ZOH u(t)
Gols)

¥y

1 1(t-T)

(input: u(t) = o(t), output: y(t) = 1(t) — 1(t — T), 1(t) = unit step)
The transfer function of a ZOH:

Y(s) 1 1 4 1-—e=T
Us) s s N s
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The z-Transform

The output of an ideal sampler r*(t) = series of impulses with values r(kT):

re(t) = _r(kT)3(t—kT), t>0
k=0

o

o0

L] =Y r(kT)e ™™, z=¢"T

k=0

= The z-transform:
o

Z[r(e)] = Z[r (1)) = Y r(kT)z ™"

k=0
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/-transform table

Time domain Laplace transform Z- transform

oo

£(t) F(s)zﬁ[f(t)]:/ F(B)e~tdt  F(z) = Z[F(8)esr] = Zf (KT)z

i(t) 1 1
1 z
1 i
s z—1
, 1 Tz
s2 (z—1)2
efat 1 72
s+a z—eal
<in at a zsinal
52 + 32 z2 —2zcosal +1
cos at s z(z —cosaT)
s2 4 a2 z2 —2zcosaT +1
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Properties of z-transform

Property Discrete time domain z-domain
f(kT) F(z) = Z[f(kT)]

Linearity afi(kT) + bh(kT) aFi(z) + bFy(z)

Shift right by T f((k—1)T) z71F(2)

Shift right by nT f((k—n)T) z7"F(2)

Shift left by T f((k+1)T) zF(z) — zf(0)
n—1

Shift left by nT f((k+n)T) =) (T2
i=0

First difference f(kT)—f((k—1)T) (1-z"YF(z)

Final value theorem f(oo) = kllm f(kT) Iiml(z — 1)F(z) if the poles of (z — 1)F(z)

— 00 zZ—

are inside the unit circle
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z transfer function

The transfer function - block diagram

R(z) C(z)
— G(z) ——

If C(z) is the z-transform of the output signal and the input is R(z) = the transfer function

2 _ g,
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Digitizing analog transfer functions - 1 - ZOH

m One approach in digitizing an analog transfer function is transformation from s-domain
into z-domain

m Given a tf in s-domain: G(s). The z-transform is obtained as:

_ efsT
6(2) = Z {Go(s)G(s)} = Z {lc(s>}

S

G(z)=(1-2zY)Z { G(s) }

s
where Go(s) - ZOH transfer function and T - sampling time.

m The following properties of the Laplace and Z transforms are used.:

Llx(t—T)] — e T X(s); Z[x(t — T)] = z71X(2)
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Digitizing analog transfer functions - 2 - Euler approximation

m The variable z can be approximated by various substitutions for s in the transfer function
of the continuous system.

m Compare: multiplying by s = differentiation; multiplying by z—1 = delay of one sampling
interval.

m Obs. The time derivative at a moment kT can be approximated by:
de e(kT)—e((k—1)T)

g k= T

In z-domain, where e(kT) — E(z):
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Digitizing analog transfer functions - 3 - Tustin

m Tustin’s rule, also called the bilinear transformation, gives a better approximation

_2(z-1) 21—z
T TEry T T T

m This more complicated substitution allows close approximation of the behavior of the
analog controller using a longer sampling interval (T).
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Digitizing analog transfer functions. Example

Consider a continuous system having the transfer function:

m First we shall determine the pulse transfer function using the ZOH method:

_ a—sT
Gi(z) = Z{Go()G(5)} = Z{+ i 2

1_.1 1

e e

}

m Using the z-transform table we determine the z-transforms of basic signals we obtain:

z—11( z z )_ll—e*”
z 4'z—1 z—e 4T/ 47— e 4T

Gi(z) =
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Digitizing analog transfer functions. Example

-1

m Using the Euler substitution s = T

, the pulse transfer function is:

1 T

G2(Z) = =
1—z—1 _ -1
Lzliy 144T -z

_ -1
m Using the Tustin substitution s = g the pulse transfer function is:
T(1+z71
1 T(1+2z1)

2(1—z1) - — )1
) 14 24+ 4T + (4T —2)z

Gs(z) =

m For T = 0.1, the transfer functions (written in z instead of z71) in all cases above are:

0.08242 0.1z 0.04167z + 0.04167
Gi(2) = ——22  Gy(z2) = — Ga(z) =
1(2) = g0y @D =14, -1 = Z — 0.6667
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Digitizing analog transfer functions. Example

The simulated unit step response in all three cases is shown in the figure:

Step Response

0.25 T
continuous
ZOH
simple
Tustin
0.2
o 0151 1
e
2
=
£
<
0.1F 1
0.05 1
0 i i i i
0 0.5 1 1.5 2 25
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Inverse transformation - Infinite power series method

Example If the z-transform of a signal is obtained in the form:

22
X —
(2)= 2136, 1036

by long division we obtain:
X(z)=2% : (z°—1.36z+036)=1+1.36z"1 41522+ ...

Compare this result with the definition of the z-transform:

X(z) = ix(kT)z_k =x(0)2° + x(T)z7* + x(2T)z 2 + ...
k=0
Thus:
x(0)=1, x(T)=136, x(2T)=1.5, etc
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Inverse transformation - Difference equation method

m Consider a general discrete system with an input X(z) and an output Y(z), of the form:

G(Z) _ Y(Z) _ b0+b12_1 4o+ bpz™™
T X(z2)  l4azl4-tapz”

where a;'s and b;'s are real coefficients.

m By cross multiplication we obtain:
Y(2)(1+a1z  + -4 a,z ") = X(z2)(bo 4+ b1zt + -+ 4 bpz™™)
or
Y(2) = —(a1z Y4 apz 24t anz Y (2) +(bo+ b1z 4 bz 2 4 4 bz ™)X (2)
Y(2) = —a127 Y (2) a2z 2 Y (2)+ - -4anz” "Y(2)+bo X (2)+ b1z X(2)+ - +bmz" " X(2)
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Inverse transformation - Difference equation method

m Using the property:
Z[f(kT — T)] = z 1F(z), where F(z) = Z[f(kT)]
the equation obtained before can be expressed as a difference equation of the form:
y(kT) = —a1y((k—=1)T)+aoy((k—=2)T)+ - -+ box(kT)+b1x((k—1) T)+bax((k—2)T)+...
m With a simple notation:
Yk = —a1Vk—1+ aYk—2 + ... + boxx + bixk_1 + boxx_o + ...

where we denoted the value of the signal at the time kT by the subscript k (and in a
similar manner, (k — 1) T by the subscript k — 1, etc.)
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Obtaining the difference equation. Example

Consider a transfer function: Y(2)
V4 V4
G pr— pr—
(2) = X(z) = 7= 0.368

We divide the numerator and denominator of the transfer function by z raised to the highest
power in the tf and obtain:

Y(z) 1
X(z)  1-0.368z1

or
(1-0.368z71)Y(z) = X(2) or Y(z)=0.368z"1Y(z) + X(z)

It can be expressed as a difference equation:

Yk = 0.368yk—1 + xx
If the first two samples are known, the values for y, can be determined by an iterative
procedure.

(Technical University of Cluj-Napoca) Sampled-data systems. Digital control systems 34 /43



Analysis of discrete systems
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Mapping between the s-plane and the z-plane

The s-plane and the z-plane are related by a conformal mapping specified by the analytic
complex function:

> — esT _ e(a—l—jw)T _ eO’T . eij
where T is the sampling time and:
Re[s] = o, Im[s] = jw

lz| =€, Lz=wT
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Mapping between the s-plane and the z-plane

m The point s = 0 is mapped in the z-plane to z = €% =1

m All complex numbers s = 0 4 jw with the real part ¢ constant are mapped into z-plane in

circles having the radius 7.

y L\ Im z

" Ims .

Res " . Re 7
\"~

o1 az -1
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Mapping between the s-plane and the z-plane

m A complex imaginary number s = +jw — z = /7 a unit length vector at angle wT.
When wT = 7, the vector reached the point —1 in z-plane, thus describing half of a
circle. When wT = —m, the other half of the circle is obtained.

m Complex numbers s = ¢ 4 jw with the same imaginary part jw, are mapped to radial lines
with constant angle wT

A Ims 42 Imz

. 1T
Joz ;T
Res Rez

A
h
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Stability analysis in z-plane

m A linear continuous system is stable if all the poles of G(s) lie in the left half of the
s-plane. The s-plane is related to the z-plane by the transformation:

Z=e fd e(U+Jw)T

or
z| =€, Zz=wT

m In the left-hand s-plane, the real part of s, 0 < 0 = the magnitude of z varies between 0
and 1: 0 < e’ < 1.

m The imaginary axis of the s-plane corresponds to the unit circle in the z-plane, and the
inside of the unit circle corresponds to the left half of the s-plane.
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Stability analysis in z-plane

A sampled data system is stable if all the poles of the closed-loop transfer function G(z) lie
within the unit circle of the z-plane.

T Im Aim
s-plane z-plane
= 1
"
A7
/ .
Re Re
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Stability analysis in z-plane

Im Im
s-plane z-plane

N

Re

m Points that have negative values of o (left half s-plane, region A) map into the inside of
the unit circle on the z-plane.

m Points on the jw axis (region B) have zero values of o and yield points on the unit circle
on the z-plane.

m The points that have positive values of ¢ are in the right half of the s-plane (region C).
The magnitudes of the mapped points are e’ > 1, thus they are mapped into points
outside the circle on the z-plane.
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Discrete systems - stability analysis. Summary

A digital system with a transfer function G(z) is:
m stable if all poles of the transfer function are inside the unit circle on the z-plane,

m unstable if any pole is outside the unit circle and/or there are poles of multiplicity greater
than one on the unit circle,

m marginally stable if poles of multiplicity one are on the unit circle and all other poles are
inside the unit circle.
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Discrete systems - stability analysis. Examples

1
with the poles: z; = 5 2="5

m A stable system: Gi(2) 5

z
4221

1
|z1] = |22] = 5 < 1 - both poles lie inside the unit circle.

m An unstable system: Gy(z) = 225724_2 with the poles zy = -1+, 2 = —-1—
|z1] = |z2| = V2 > 1 - both poles lie outside the unit circle.
1
m A marginally stable system: Gs3(z) = % \ith the poles zy =1, zp = —=
222 —z-1 2

1 o _
|z1] =1 and |z| = 5 < 1 - one pole on the unit circle and the second one inside.

m An unstable system: G4(z) = ﬁ with the poles z; = -1, zp = -2
z z

|z1] =1 and |z2] =2 > 1 - one pole on the unit circle and the second one outside.
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