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The static gain (DC gain) of a stable system

The static gain or the DC gain of the system is the ratio of the steady-state output of the
system to its steady-state input. J
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m Hi(s): DCgain=10.5/1=10.5 m Hi(s): DCgain=1/2=10.5
m Hy(s): DCgain=1/1=1 m Hy(s): DCgain=3/2=1.5
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The static gain (DC gain) of a stable system

R(s) C(s)

H(s)

m For any constant (step) input r(t) = A, the output is:

C(s) = H(s)?

m The steady-state value of the output is:

c(o0) = lim ¢(t) = lim sC(s) = lim sH(s)é = Alim H(s)

t—00 s—0 s—0 s—0

m The DC gain is:
DCgain = c(:o) = lim H(s)

s—0
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DC gain. Example

Consider a system having the transfer function:

H(s) = s+ 10
C (s+2)(s+4)(s2+s5+5)
m The DC gain is:
1 1 1
DCgain = lim s+ 10 0 - =0.25

s50(s+2)(s+4)(s2+s+5) 2-4-5 4

m If the input is a unit step r(t) = 1, the steady-state value of the output will be:
c(oc0) = DCgain = 0.25

m If the input is a constant signal r(t) = 5, the steady-state value of the output is:

c(00) = 0.25 -5 = 1.25
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Additional zero

Consider a system with the transfer function H(s).
H
m The system step response: c(t) = £t [C(s)] = L1 [ES)}

m Add a zero at —a and divide the transfer function with a (the DC gain of the new system

is unchanged):

Hy(s) = 2 J; 2H(s) = ZH(s) + H(s)

m The step response of the system H,(s) is:

c(t) = £ [i (SHEs) + H(s))]

() = L1 [iSC(S) + C(s)] _ %c’(t) +e(t)

m If ais small = 1/ais large = the step response of H,(s) will increase with the quantity

1/a-¢(t).
m Addition of a zero = the increase of the overshoot.
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Additional zero. Example

Consider the system with the transfer function:

1
System 1: Hi(s) = ——
y 8) = @551
We add a zero at —1 and obtain:
s+1
System 2: Ho(s) = ———
y 28) = Z o1
Compare: '
. 0.8 _sleprespcnseofH‘ 1
| | System 1: Nno Zeros (blue ||ne) 0.6 : _stepresponseofH2 i
m System 2: a zero at -1 (green line) 04
0.2
% 2 p o s 10 T2
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Additional zero. Example

Add a zero at -10 (and divide the transfer function by 10 to keep the same DC gain)

0.1 10
System 3: H3(s) = 52(j:—i—1)

Compare: i

— StEP response of Hl

m System 1: no zeros (blue line) osf

s StEP response of H2

0.6 — StEp response of H3 7]

m System 2: a zero at -1 (green line)

0.4

m System 3: a zero at -10 (red line)

0.2
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Higher-order systems

Consider a system H(s), with unit step input R(s) = 1/s and output C(s).

B _ H(s) KIIZ.(s+ z)
C(S) = H(S)R(S) T s T s 7:1(5+PJ‘) le(:ll(sz +2Ckwk5+w/2<)

q r
c(t)=a+ Z aje Pt + Z by e~ kit Sin(wkmt + )
=1 k=1

m The poles located far from the jw (imaginary) axis have large negative real parts. The
exponential terms that correspond to these poles decay very rapidly to zero.

m The poles located nearest the jw axis correspond to transient response terms that decay
slowly: dominant poles
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Higher-order systems

1 .
—e'sin(20t)
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m e ! and e tsin20t decay slowly

m e 0% and e 10 sin 20t decay rapidly
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Dominant poles

System approximation using the concept of dominant poles
m Consider a system with a transfer function:
k(s + z)
(352 + 25 +1)(s+p)

H(s) =

m the poles: p1 2 = —Cwp £ jwny/1 —C?, p3 = —p.
m Consider the real pole far from the jw axis; complex poles are dominant.
m The system order can be reduced by neglecting the real pole.

m !l The gain factor must be multiplied by 1/p (= same DC gain).
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Dominant poles - Example 1

Im
X 1]
Fa(s) = y [ e
(s? +2s +2)(s + 10) 10 ) ‘
Xl

m Poles: —1 4 and —10

m Partial fraction decomposition:

Hl(s) — i . ﬂ _ i . 4 r(t) i y(t)
41 s242s54+2 41 s+10 d
HpZ(S)

Hp1(s) Hpa(s)

£t —t £t —10t
Hp1(s) —— Ae "sin (t + ¢1) Hpo(s) —  Be

decays slowly to 0 decays rapidly to 0
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Dominant poles - Example 1

s+2
Hi(s) =
1(s) (s2+2s+2)(s+10)
® p1o = —134,: dominant
m p3 = —10: can be neglected.
m Approximate:
S+ 2 0.1 .
Hl S = 0.08 _slepresponseolH‘ 4
©) = T ras+2)(Gs T 1) | |
01(5 + 2) 0.04
Y H
52 =+ 2s + 2 2(5) 002}

t (sec)
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Dominant poles - Example 2

62.5(s + 2.5)

Hi(s) = (s2+ 65 + 25)(s + 6.25)

m p1,2=—-3+4-j, p3 =—6.25. Neglect the real pole and obtain:

10(s +2.5)
H. = ==
2(s) s2 4+ 65+ 25

e step response of H,
06
——— stop response of H,

0 05 1 15 2 25
t (sec)

m = Different step responses !!! (poles are too close to each other)
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The Stability of Linear Systems
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Stability. Introduction

m Whether a linear system is stable or unstable is a property of the system itself and does
not depend on the input.

m A system is BIBO stable if for any bounded input it has a bounded output
(response).

m Step, sin: bounded. Ramp, impulse: not bounded

\
-—— |
I

a b c

Figure: a. Stable, b. Marginally stable. c. Unstable
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System stability

m The impulse response can also be used for stability analysis.

m A linear system is stable if and only if the absolute value of its impulse response,
integrated over an infinite range, is finite.

m Consequence: the impulse response of a stable system will approach zero as time
approaches infinity.

t)=5(1 c(t)
r(t)=9(1) )
C(t) C(t) C(t) J
! t 2N ﬂ !
| v U
stable marginally unstable
stable
a) b) ¢)
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System stability

The system transfer function:

H(S) — C(S) — kH;L(S + Zi)
R(s)  s"TTLy(s + o)) [lkea (5% + 20us + (o + w}))

The system poles can be:
m real: pj = —0j,
m complex conjugates py12 = ay + jwy,
m poles at the origin of multiplicity n.

The output response for an impulse input is then:

ZA ePit +ZBk e Esinwyt

(Universitatea Tehnicd din Cluj-Napoca) Analysis of Linear Continuous Systems 17 /38



System stability-Impulse response
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System stability. S-plane criterion

Type of poles and their contribution in the system response

m Real positive poles (p;) and complex poles with positive real parts (c) = ePit or
e tsinw,t that increase to oo

m Real negative poles (p;) and complex poles with negative real parts (ax) = ePt or
e“tsinw,t that approach zero as t — oo.

m Complex poles located on the imaginary axis (+jwyx) = undamped sinusoidal term
m One pole at the origin (p;j = 0) = a constant term

m Poles at the origin of multiplicity greater than one n > 1 = At"~! which increase towards
00

m Complex poles located on the imaginary axis of multiplicity greater than one =
At"cos(wt + ¢) which approach infinity as t — co.
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System stability. S-plane criterion

Example of systems with poles on the imaginary axis of multiplicity greater than 1.

1 1

Hl(S) = 57, H2(S) = m

m Hi has a double pole at the origin and H, has two pairs of complex poles at +j
m System response to impulse:

60

40t

20r

—H1(s)=1/52

—H,(s)=1/(s%+1)

10 20 30 40 50 60
t (sec)
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System stability. S-plane criterion

A necessary and sufficient condition for a system to be stable is that all the poles of the
system transfer function have negative real parts.

m A system is not stable if not all the poles are in the left-hand s-plane.

m A marginally stable or critically stable system has poles on the imaginary axis, with all the
other roots in the left-hand plane.

m An unstable system, has at least one root in the right-hand half plane or repeated jw
(imaginary) roots or multiple poles at the origin.
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S-plane criterion. Examples

m Stable system:

1
Hi(s) = ——————
1(s) (s+1)(s+2)
all the poles are negative: p; = —1 and pp = —2.
m Stable system:
1
Ho(s) —
28) = GE D)2 1 257 2)
all the poles are located in the left half s-plane: p; = =1, pp3 = -1+
m Marginally stable system:
1
H. =—
3(5) S(S+ 1)
one pole at the origin p;1 = 0 and one pole negative p, = —1.
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S-plane criterion. Examples

m Marginally stable system:
1

T 244
a pair of complex poles on the imaginary axis p1 2 = +2j.

H3(5)

m Unstable system:

1
Hy(s) =
a(s) (s+1)(s+2)(s—1)
one pole is positive p1 = 1 and the other poles pp = —1, p3 = —2 are negative.
m Unstable system:
1
H, =
5(5) 53(5 + 1)
a triple pole at the origin p; 23 = 0 and a negative pole p; = —1.
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S-plane criterion. Examples

m Marginally stable system:
1

(s +4)(s* +1)

two different pairs of complex poles on the imaginary axis p1> = £2j, p34 = +J.

H6(S) =

m Unstable system:
1

multiple poles on the imaginary axis p1 o = +2j, p3 4 = +2j (same locations)

H7(S) =
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Routh-Hurwitz criterion

m The Routh-Hurwitz stability method provides an answer to the question of stability by
considering the characteristic equation of the system.

m Write the characteristic equation in the form:

q(s) = aps" + an_1s" 1+ ... +as+a =0

m Necessary conditions
m All the coefficients must have the same sign
m All the coefficients are nonzero.

The system is not stable if they are not satisfied. Examples:

1 s+2 s+3
()= g H) =5 g ) = gy
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Routh-Hurwitz criterion

m Sufficient condition. If the necessary conditions are fulfilled, arrange the coefficients of
the polynomial in the Routh array.

q(s) = aps" + ap_15" Y+ ...+ a1s+ ao
Routh array:

n

S . dn dn—2 dpn—4 dn—6
-1 .
s" © a8n-1 an-3 an-5 an-7
s"=2 b1 b bs by
s"3 . g 1)) c3 Ca
2 . g e
st A
0
S 81

Analysis of Linear Continuous Systems
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Routh-Hurwitz criterion

Coefficients by, by, ... are computed from the two previous rows.
1= = -I
s" an 1 an-Z 1 an-4 an-6
B ¥ !
s K@na ) '3zt Ans Ang

s2 by b, b,

g3 :J Cq € C3

st f1
s? 81
_ dn dn—2
b dn—1 dn-3 dn—18n—2 — dpdn-3
1 pr— pr—
an—1 an—1
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Routh-Hurwitz criterion

Coefficients by, by, ... are computed from the two previous rows.
15 == -I
s an an-Z : n-4 1 an-6
. ’ \ 1
st (@nr)  2n3 1Ay Apy
sv2: by b, by
sm3 G ’l ) C3
S1 . f1
s 8
- dn dn—4
dn—1 dn-5 dn—1dn—4 — dpdn—5
b2 p— p—
an—1 dn—1
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Routh-Hurwitz criterion

Coefficients by, by, ... are computed from the two previous rows.
1= == -I
s an an-Z an-4 :an-6 1
. ’ \ ]
s"1: Bna) 3 s 37! .
sv2: by b, by
sm3 G ) C3
S1 f1
s0 g1
B dn an—6
dn—1 dn-7 dn—14n—6 — dndn—7
b3 p— p—
an—1 dn—1
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Routh-Hurwitz criterion

The same pattern is followed in evaluating the c's, ..e's, f, g, using the coefficients of the
two previous rows

s" a, an ang dn6
1= == -l
sl a4 1,3, A5 a,.7
1 1
sv2 . by J . _b_ ! b3
sn3 :1% ) C3
st fy
s0 81
_|9n—1 @an-3
c b1 bo biapn-3 —an_1b>
1 pu— p—

b by
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Routh-Hurwitz criterion

The same pattern is followed in evaluating the c's, ..e's, f, g, using the coefficients of the

two previous rows

Sn

a,
an-l

N1/

o {
81

an—Z

an-3
b2

>

by

dn—1

dn—5
b3

_ biran—5 — an—1b3

Cy =
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Routh-Hurwitz criterion
Routh's stability criterion states that:

The number of roots of the characteristic polynomial g(s) with positive real parts is equal to
the number of changes in sign of the coefficients in the first column of the array.

S : an apn—2 dan—4 dn—6
n—1 .
S | éan-1|48n-3 4anp-5 an-7

s—2 . by by bs bs

52 €1 &

st | A
O 81

All poles are in the left-half s-plane < all terms in the first column of the array have the same
sign.
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Example

Consider the following polynomial:
s* 42534352 +454+5=0

Check the necessary conditions (all coefficients have the same sign and are non-zero). Routh
array:

s 1 3 5

s3 2 4 0
> . 23-14 _ 2510 _

51 - 1~4—%-5 =1 2 =2

s =1 =0

<0 6510 _ g

= Two changes in sign = two roots with positive real parts. Roots:
p1=02+14ipp=02—-14i,p3=-12+4+0.8i,ps =—-1.2—-0.8i.
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Example. Special cases

A zero term in the array is replaced by a very small positive number € and the rest of the array
is evaluated.
S 4+2%+54+2=0

The necessary conditions are fulfilled (all coefficients have the same sign and are non-zero).
The array of coefficients is:

s 1 1
2 . 2 2
st O=e€
s0 2

= pair of imaginary roots.
If the sign of the coefficient above zero is opposite that below it, it indicates that there is one
sign change.
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Example. Closed-loop control system

Determine the range of k for stability.

R(s) k C(s) >
= | s(s+H2)(57+s+1)

m The closed-loop transfer function is:

k
C(s) _  SGsPrstD) k

R(S)_ 1+W§2+5+1) _5(5+2)(52+5+1)+k

m The characteristic equation is:
s* 43534352+ 25+ k=0
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Example. Closed-loop control system

m Necessary condition: k > 0. All the other coefficients of the characteristic polynomial are
positive and non-zero.

m The array of coefficients:

s 1 3 k
s3 3 2 0
52 7/3  k
st 2 —9k/7

s0 k

m For stability: all coefficients in the first column must be positive:

-k 14
k>0, and 2—97>0, :>0<k<5

m When k = 14/9, the system is critically stable and the closed-loop system response
becomes oscillatory.
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Example. Closed-loop control system

Step response for the closed loop system.

m k = 0.2: closed-loop system is stable (left)
m k = 1: closed-loop system is stable (right)

Step response for k = 0.2

09t
08
07+
06
So5¢
04r
03+
02t

0.1

e Stable

0 10 20 30 40
time
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Example. Closed-loop control system

Step response for the closed loop system.

m k= %: closed-loop system is critically stable (left)

m k = 3: closed-loop system is unstable (right)

Step response for k = 14/9 Step response fork =3

1.8 T T T 150 T T T
s Critically stable
16 ] 100 F 1
1471 1
50 1
121 1
0 1
s 1
5 5 50F 1
0.8 1
-100 1
0.6 4
150 -
04 1 %0
021 -200
0 | | | | | | | -250 . . | | | |
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35
time time
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