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Introduction

m The basic characteristic of the transient response of a closed-loop system is closely related
to the location of the closed-loop poles.

m If the system has a variable loop gain, then the location of the closed-loop poles depends
on the value of the gain chosen.

m It is important to know how the closed-loop poles move in the s-plane as the loop gain is

varied.
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Example

R(s) 7|

?_ “ Pl e

m Open-loop transfer function:

1

kG(s) = k

() s(s+2)
Open-loop poles: 0, —2, do not depend on k

m Closed-loop transfer function:
PR
kG(s) s(s+2) k
14 kG(s) 14k s?+2s+ k
s(s+2)

Closed-loop poles: depend on k
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Example

1 ! — k=1
k=1, G = 8l 1]

Y 0(5) S2+2S+ 1 zzi

04

m Poles s1 = s = —1 0.2
m The step response is critically damped. % 2 '(;460) 6 8
k=50, Go(s)= 52 T T T
’ s2 425+ 50 151 ]

N

m Poles: s10 = —-1+7j, 08¢
m The step response is underdamped. K 2 t(séec) a5 s
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Root locus

The root locus is a plot of the roots of the characteristic equation of a closed-loop system
for all values of a variable parameter in the system, k € [0, c0).

Res) - k G(s) ces)
L H(s)

m Open-loop transfer function

A4

A

Hy(s) = kG(s)H(s)
m Closed-loop transfer function

C(s) _ kG(s)
R(s) 14 kG(s)H(s)
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Root locus

m The characteristic equation for the closed-loop system:
1+ kG(s)H(s) =0 = kG(s)H(s)=—1

m Idea: the values of s that make kG(s)H(s) = —1 must satisfy the characteristic equation
of the system.

m kG(s)H(s) is a ratio of polynomials in s and kG(s)H(s) is a complex quantity:
| kG(s)H(s) | ZkG(s)H(s) = -1+ 0
m Angle condition:
ZkG(s)H(s) = £—1+,0 =+£180°(2¢g+1), ¢=0,1,2,..

m Magnitude condition:
KG(s)H(s)| = | — 1+ jo| = 1
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Remember complex numbers

m The absolute value (or magnitude or modulus):

|s| = |a+jb| = Va2 + b?

m The phase (or angle, or argument):

/s = arg(s) = arctan g, if a>0

A m

The phase is measured counterclockwise from the positive real axis.
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Remember complex numbers

m The product of two complex numbers: s; = a+ jb and s, = ¢ + jd has the magnitude:

|siso| = |s1] - |s2] = Va2 + b2y/c2 + d2

and the phase:
L(s15) = Zs1 + Zsp = Z(a+ jb) + Z(c + jd)

m The ratio of two complex numbers has the magnitude:

si| s Va4 b?
2| sl Ve2+d?

and the phase:

4? =/ts) — Zsp = L(a+ jb) — Z(c + jd)
2
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Remember complex numbers

m Consider a complex number r. We want to compute the phase of r 4 3.

m The points r, r + 3, 0 and —3 form a parallelogram.

m The phase of r + 3 = the angle (measured counterclockwise) from the positive real axis
to the line that connects r and the root of r + 3, i.e. —3.

Aim

r r+3

Re
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Example

m Consider a closed-loop system with the open-loop transfer function :
k(s+ 3)

kG(s)H(s) =

(s+5)(s®>+25s+2)
m For a testpoint s = r, the angle of kG(s)H(s) is:
LkG(S)H(S)|s=r = Lk + ZL(r +3) — L(r+5) — Z(r+1—j) — Z(r +1+))
ZkG(s)H(S)|s=r =0+ @1 — @2 — @3 — ¢4

Test point r

jo
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Example. Root locus for a second-order system

Ris) p Cys)

f— s(s+2) "

m The open-loop transfer function G(s):

G(s)

B k
~s(s+2)
m The closed-loop transfer function:

Go(S)

m The characteristic equation is:

_ G(s) k
14+ G(s) s2+2s+k

k
1+ ——— =0 ors’+2s+k=0
s(s+2)

m Find the locus of the roots of this system for k € [0, o).
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Example. Root locus for a second-order system

m The roots of the characteristic equation (closed-loop poles):
si=—-14+V1—-k s=-1—+V1—k

The roots are real for k <1 and complex for k > 1.

For k = 0, the closed-loop poles = the open-loop poles: s; =0, s, = —2.

As k increases in the interval (0, 1), the closed-loop poles move towards the point
(—1,0). Real poles: the system response in overdamped.

m For k =1, the closed-loop poles: s; = s, = —1. The system is critically damped.
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Example. Root locus for a second-order system

Joo
k=4 | ... X5
m k € (1,00): the closed-loop poles break
away from the real axis and become k=2 ). i1
complex. I
m Complex poles: s10 = —1+ vk — 1. k=0 k=0 .
m The poles move along the vertical line _%/‘—1 0 4
with Re(s) = —1, symmetrically k=1 !
m k > 1: underdamped system, oscillatory k=2 p--- —J1
response.
k=4 R
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Root locus - second order system

Check the angle condition:

k | B
s(s+2)*=F ™
=/k—4s—L(s+2)=

=0-6, -6, =-180°
because:
for a test point s = P € LR:
01 = Zs and 6, = Z(s + 2) and

01 + 0, = 180°
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Root locus - second order system

For a pair of closed-loop poles: s; o = —1 £ 1,
the gain k is determined from the magnitude

condition :
k

s(s+2) =1

[G(s)H(s)| =

51,2

B2

or
k= Is(s + 2)ls—141

k=|—1+j1-]1+/1
k=+/11+12¢/12 + 12 =2
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Root locus procedure

Write the characteristic equation in the form:
1+ kP(s) =0.
m Factor P(s) in terms of n, poles and n, zeros

[, (s + z)
[T12:(s + p)

Locate the open-loop poles and zeros in the s-plane: x - poles, o - zeros.

1+k =0

Determine the number of separate loci SL. SL = np, when n, > n;, n, = number of
open-loop poles, n, = number of open-loop zeros.
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Root locus procedure

m Determine the number of separate loci SL. SL = n,,.
m Locate the segments of the real axis that are root loci:
Locus lies to the left of an odd number of poles and zeros
Locus begins at a pole and ends at a zero (or infinity)
m The root loci are symmetrical with respect to the real axis.
m The loci proceed to the zeros at infinity along asymptotes centered at o4 and with angles
D4
> (poles) — > (zeros) 2g+1
op = , Pa=———-180°% 4—01,..(np—n,—1)
np — Ny np — Nz

m From Routh-Hurwitz criterion = the intersection with the imaginary axis (if it does so).
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Root locus procedure

m Determine the breakaway point on the real axis (if any)
Set k = —ﬁ = p(s), (from 1+ kP(s) = 0)
Obtain dp(s)/ds =0
Determine roots of (b) or use graphical method to find maximum of p(s).

m Determine the angle of locus departure from complex poles and the angle of locus arrival
at complex zeros, using the phase criterion

ZP(s) = £180°(2q + 1), at s = p; or z;.
m If required, determine the root locations that satisfy the phase criterion
ZP(s) = £180°(2q + 1) at a root location sy
m If required, determine the gain k, at a specific root s,

np
Hj:l |s+pj|
nz -
[[Z[s+z|
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Root locus. Example

Sketch the root-locus plot and determine the value of k so that the damping factor ¢ of a pair
of dominant complex-conjugate closed-loop poles is 0.5 for the closed-loop system:

Ris) e C(s)

f— s(s+1)fs+2) !

m The characteristic equation:

k
1+kG(S)—O, Ol’l+m—0

m The open-loop transfer function has no zeros: n, = 0, and three poles, p1 =0, pp = —1,
p3 = —2: np =3.
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Root locus. Example

Locate the open-loop poles of the open-loop transfer function with symbol x.

Locus has n, = 3 branches.

Locate the segments of the real axis that are root loci: between p; = 0 and p, = —1, and
from p3 = —2 to —oo.

m As the locus begins at pole and ends at a zero (or infinity), between 0 and —1 we must
find a breakaway point.

hjm

-+ o)X >
2 -1 0

Open-loop poles and RL on the real axis
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Root locus. Example

m The root locus is symmetrical with respect to the horizontal real axis.

m The locus proceed to the zeros at infinity along asymptotes centered at 04 and with

angles ® 4.

_2p)—2(z) _0-1-2

oA = = —
np — Ny 3
2 1 2 1
b= 971 1g0° =292 180°, g=0,1,2

np — Ny 3

or

® 4 = 60°,180°, 300°
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Root locus. Example

Asymptotes
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Root locus. Example

Routh-Hurwitz criterion:
34324254+ k=0

Routh array:

s3 1 2
s2 3 k
st (6 —k)/3

s° k

=k = 6 (system is critically stable = roots on the imaginary axis). Replace k = 6 into the
characteristic equation:

24352 4+254+6=0 or (s+3)(s>+2)=0

s =+jV2, s3=-3
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Root locus. Example

The breakaway point.
From the characteristic equation:

k
1+m:0, = k:*5(5+1)(5+2):p(5)

Obtain the solution of the equation:

d d
p(s)=0 = Zis) =—— (s*+3s°+2s) =0
d
Z(SS) = —(352 +6s+2)=0 = s =-0.4226, s, = —1.5774

The breakaway point must lie between 0 and -1, = s; = —0.4226
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Root locus. Example

jﬂ) b/

f;--jﬁ

\\ -.._J'.JE

A
N

Intersection with the imaginary axis and the breakaway point
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Root locus. Example

Root-locus plot
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Root locus. Example. Analysis

The value of k at the breakaway
point is obtained from the magnitude

condition:

|kG(s)]s=—0.42 =1

ke _1
s(s+1)(s+2)|s—_o.42
k = |—0.42(—0.42+1)(—0.42+2)| = 0.384

\j
\
\\\ k 9 CC
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Root locus. Example. Analysis

\\\ _]‘/E
\ k—>o0

m k =0, closed-loop poles M = open-loop poles x
m 2 negative poles, 1 pole at 0 = closed-loop marginally stable
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Root locus. Example. Analysis

\\\\ _]‘/E
\ k—»c0
m k € (0, 0.384), closed-loop poles M
m 3 real negative closed-loop poles = closed-loop stable, overdamped
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Root locus. Example. Analysis

-J
\ k—o0
m k = 0.384, closed-loop poles W
m two real and equal negative poles (—0.42), one negative pole = closed-loop stable,
critically damped
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Root locus. Example. Analysis

\j
\\\ k%oo

m k € (0.384, 6), closed-loop poles M
m one negative real pole and two complex poles with negative real part, = closed-loop
stable, underdamped
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Root locus. Example. Analysis

m k = 6, closed-loop poles W
m one negative real pole and two imaginary poles = closed-loop marginally stable
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Root locus. Example. Analysis

m k > 6, closed-loop poles M
B one negative real pole and two complex poles with positive real parts = closed-loop
unstable
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Root locus. Example. Analysis - summary

m k =0, one pole at the origin, system is critically stable

m k € (0,0.384), negative real poles on the left half s-plane, system is stable and
overdamped

m k = 0.384, two real and equal negative poles, one negative pole, system is critically
damped

m k € (0.384,6), one negative real pole and two complex poles with negative real part,

system is stable and underdamped

k = 6, one negative real pole and two imaginary poles, system is critically stable

m k > 6, one negative real pole and two complex poles with positive real parts, system is
unstable
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Root locus. Example

Remember. The complex poles of a second-order transfer function:

-, jm
8¢ A
X, - — Joga
I~ .
. : \\ o 5172 = —Cw,, :l:Jw,,\/ 1-— Cz
W=, J1-{7 | ™ g
I N Cwn
! B/ o cosf3 = =(
— = > Wn
@y ’
L B = arccos(
| e
| /s
! // -
s:X —JDg
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Root locus. Example

Closed-loop poles with { = 0.5 lie on the lines passing through the origin and making the
angles +arccos( = t+arccos0.5 = +60° with the negative real axis.

512 = —0.3337 + j0.5780

The value of k for 515 is found from the
magnitude condition:

k =|s(s+1)(s +2)|s, = 1.0383

N The third pole is found at
\J s = —2.3326.

R These accurate values can be determined only
using a computer.

Figure: Root-locus plot and the poles with { = 0.5
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Root locus

Root locus for any variable parameter. Example

R(s) G(s) = 20 C{s):
A= S(S + 1)(3 + 4)
H(s)=ks+1 <
20

=——  H(s)=1+k

G(s) GG (s) + ks
The open-loop transfer function is then:
20(1 + ks)

COHE) = D19
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Root locus. Example

m The characteristic equation:

1+G(s)H(s):1+m:0

s> + 552 + 45 + 20 + 20ks = 0
m By defining 20k = K and dividing by the sum of terms that do not contain K,

s3+552+4s—|—2Q+Ks:0

we get:
S

=0
s34+ 552 4454+ 20

m Sketch the root locus of the system given from the new characteristic equation.

1+ K
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Root locus. Example

m The characteristic equation can be written as:
s

1+ K————-+= =0
(s+5)(s?+4)
m Open-loop poles: p1 > = +j2, p3 = —b5 and open-loop zeros: z; =0. = n, =1, n, =3
m The root locus will have n, = 3 branches.

m On the real axis: RL is between the pole —5 and the zero at the origin. The other two
branches start at the poles +j2 and approach the asymptotes for increasing K.

m The center of the asymptotes:

 —5—j24j2-0

op = >
and the angles of the asymptotes:

+180°(2q + 1)
Op= T,

(Technical University of Cluj-Napoca)
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Root locus. Example
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Root locus. Example. Analysis

m For k = 0 the closed-loop system is critically stable because two close-loop poles are on
the imaginary axis (the same as the open-loop poles)

m For any k > 0 all three closed-loop poles are on the left half s-plane. The system is stable.

m For any k > 0 the closed-loop system will have two complex poles with negative real part
and one real negative pole. The system is underdamped and the system response is
oscillatory
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