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Introduction

C(s)

G(s) P—»

m Analyze the steady-state response of a system with sinusoidal input as the frequency of
the sinusoid w is varied.

m Examine the transfer function G(jw) and develop a form of plotting when w is varied.

The frequency response of a system is defined as the steady-state response of the system to a
sinusoidal input signal. The sinusoid is a unique input signal and the resulting output signal,
for a linear system, is sinusoidal in the steady-state, with the same frequency. It differs from
the input waveform only in amplitude and phase angle.
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Example

System response to a sinusoidal input
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Introduction

Frequency response

r(t)

: , R(s) C(s)

—> G5 ——

m The input signal and its Laplace transform:

Aw
r(t) sinwt, (s) R
m For a stable system with the transfer function:
m(s)
G(s)= =—F+—"—
N ey
m the output signal is:
kq kq as + B

C(s) = G(s)R(s) = i T si TR
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Introduction

Frequency response

m System is stable = p; have negative nonzero real parts and the terms corresponding to
the poles in c(t) will be zero at steady-state, or:

lim El[ ki ]:o

t—o00 s+ pi

m For t — oo (the steady -state), we can determine that:
css(t) = A|G(jw)|sin(wt + ¢)

where ¢ = ZG(jw).

See the examples and detailed calculus from the lecture notes Chap6.pdf
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Frequency response

R(s)

—> G(s)

m For a system described by the transfer function G(s),
m with a sinusoidal input: r(t) = Asinwt
m the output signal at steady state is:

Css(t) = A|G(jw)| sin(wt + £G(jw))

C(s)

css(t) = A- Msin(wt + )

where:
m A is the magnitude of the input signal
w is the frequency of the input signal (rad/s)

the magnitude: M = |G(jw)|

"
m G(jw) is the sinusoidal transfer function (the transfer function G(s) where s — jw
|
|

the phase angle: ¢ = ZG(jw)
Frequency Response Analysis
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Example

m Consider a first-order system with the transfer function:

1

6(s) = s+1

m The input is r(t) = sint, (the magnitude A = 1, the frequency w = 1 rad/s)
m The output at steady-state:
css(t) = A|G(jw)|sin(wt + £G(jw))
T ——
%)

m Determine:

1
G(j-1) = = M=|G(j-1)|= —==0707
(-1 = |GG - 1) 7
1
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Example

m The output at steady-state is:

css(t)=_1 -0.707sin(_ 1 -t—0.78) = 0.707sin(t — 0.78)
A M w %)
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Frequency response

css(t) = A|G(jw)|sin(wt + £G(jw))
T T

M > 1: the output is amplified with respect to the input
M < 1: the output is attenuated with respect to the input
@ > 0: phase lead

@ < 0: phase lag

For a sinusoidal transfer function G(jw), and w € (0, oo) represent graphically the frequency
response:

m the magnitude M = |G(jw)| versus frequency w
m the phase angle ¢ = ZG(jw) versus frequency w
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Logarithmic plots / Bode diagrams

Hendrik Wade Bode

m A Bode (logarithmic) plot consists of:

m a plot of the magnitude G(jw) in decibels: M = |G(jw)|?E = 20logio|G (jw)|
m a plot of the phase angle ZG(jw) versus frequency w

in degrees or radians

dec

2
| 107 o rad/sec (jog scale)

]02 @ rad/sec (log scale)

AMdB
|10-2 |10" 10° |101
I, 0 N ydec
Al®dgg
|]0'2 |10" 10° |101 |
IR, 0 L 2 e
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Bode plots. dB = decibel

m If
) A-M  magnitude of the output signal
M = |G(w)| = = : : -
A magnitude of the input signal
M = 20log;g M
m Example:

M=10 = M =20log;,10 =20 dB
M=100 = M =20logy,10% =40 dB
M=1 = M =20log;q1=0dB

1
M=01 = M =20log, o= ~20dB

M =

|

>
~ M = 20logy, \Qf — 3.01dB
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Bode plots. Log-scale

m Between (10°, 10!)

1 2 3 4 5 6 7 8910
L i e e e e e e |

m Between (10°, 10?)
1 2 3 4 5 6 7 8910 20 30 40 50 60 70 8090100
_—t - i)  _  6r45r_4r—_ur-—_Giall

m Log-scale. Decade
]0-2 10-1 100 101 ]02  Trad/sec (1og scale)
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Bode diagrams. Log-magnitude

The general form of a sinusoidal transfer function is:

] KIT2(Ti(w) + )Hm (wz
Glw) = — P ’
()" TR (Tilw) + D I (5

(jw)? + 22 (jw) + 1)
L (jw)? + 2k (jw) + 1)

2
k

my
B =|G(jw)|"® = 20logk + 20 " log| Ti(jw) + 1| +

i=1
+2OZ log|( —2 24 &(jw) + 1| — 20/og|jw|" —
p
2OZ/og|T, (w) + 1] —202/0g| (jw) C"( w) + 1

=1
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Bode plots - phase angle

The phase angle of G(jw) can be calculated as:

¢ =Z(G(jw)) =

Ti(jw)+1)+

+Zz iz w—”(jw)+1)—24(T,(jw)+1)—
“p P =1

—Za%wf

k=1

2Ck .
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Bode plots

Therefore three different kinds of factors that may occur in a transfer function are as follows:

k
Gain k and the integral or derivative factors Gy (n can be positive or negative)
Jw
1
T(w)+1

Quadratic factors wi%(jw)2 + f)—i(jw) +1, or

First-order factors, T(jw)+ 1,

1

PRI T with
w—%(Jw) + 5 (w)+1

complex-conjugate roots.

It is possible to construct composite plots for any general form of G(jw) by sketching the plot
for each factor and adding individual curves graphically.
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Bode plots

Example:
100
| Gl(s) - 52(10252 Ts+ 1)
£20 oftheformﬁ = k=100, n=2
S sn
1 1
10252 + s+ 1 §52+%S+1:>Wn 07", ¢=0.05
s
G - -
" C2(9) = 1025+ 1)
107! k
liO: s of the form o = k:10—17 n—=_-1
f the f T =02
02s+1 oM TS T 0

(Technical University of Cluj-Napoca) Frequency Response Analysis 17 /42



Diagrame Bode

Example:
100(s + 1)
"ol = 1
k
100 of the form — = k=100, n=0
s
s+1 oftheform T7s+1 = T;1=1
1
f the f = Tr=2
2s+1 O M e 2
2
= Gals) = 9s2 +2s+1
5 1 k
s°=— oftheform — = k=1 n=-2
s s
1 1 1 1
—————  of the f ——— =S whp=2,(=<
92 +2s+1 oo 252+245+1 “r 374 3
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Bode plots

m MfB =20logy,

(Jjw)"
MZB = 20logk — 20nlog w

= the equation of a straight line, which
for w =1 is equal to k9B and has the
slope —20n (dB/dec).

m The phase angle:

& = Lk—Z(jw") = —n-arctan% = —90°n

MdB E
n=-1
20, dec
% dec | gas 2088
wrad/sec
K1 1 K o1 (log scale)
(I)deg A
90 n=-1
0 n=0 wrazi/sec
90 (log scale)
n=1
19/42
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Bode plots

1
== T
MZB = 20log TJ:H‘ = —20logV/T2w? + 1
m For low frequencies w < % (the asymptote at low frequencies)
MZB|,« = —20logl = 0 dB
m For high frequencies w > % (asymptote at high frequencies)

MSB|,s = —20logowT dB = —20logygw — 20logyy T
Equation of a line with the slope -20 (dB/dec)
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Bode plots

m The error in the magnitude curve occurs at the corner frequency:

1
MSB|—.,. = —20logy/1+ T2 -5 = —20/ogV/2 = —3.03 dB

1
The ph le &5 of a factor ——— is:
m The phase angle zoaacornw+1|s
&y = —arctan wT, D=0 =0°
T o o
Dy p—w, = —arctan7 = —45°, D3 |y=0o = —arctan oo = —90
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Bode plots

1
Logarithmic plot for ——
& P Tjw+1
MdB 4
0 ('OC:T @rad/sec
(log scal:z)
-20dB/dec
q)deg A
0 OJC:T mrad/.iec
(log sca?e)
_____ 77] IRt
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Bode plot. Example

1

1 _

G(s) 100

Bode Diagram
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Bode plots

1 1
20/og | Tj 1| = —20log | ——|, 4(Tj )= LS| =——
og | Tjw + 1| %% | T, 1) (Tjw+1) <Tjw+1>
Logarithmic plot for Tjw + 1
MdB
20dB/dec
0 Ad/sec
o= LT (log scale)
(I)deg
,,,,,, 90
45 -———---=>
: (rad/sec
0 o _i (log scale)
T
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Bode plot. Example

G(s) = 100s + 1,

T =100, w, =
97 100

Bode Diagram

L 1072

Y

slope 20dB/dec

Magnitude (dB)
8
T

Phase (deg)
&
T

0

10
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Bode plots

1
G3(jw) =
V) = T o Z gy 1

m Low frequencies w < w,
MZB|,« = —20logl = 0dB
m High frequencies w > w,

2
M5B s = —20/0g% = —40logw — 40logw,
n

The equation of a line with the slope —40 dB/dec.
m The corner frequency we: —40logw. — 40logw, =0, = w: = w,
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Bode plots

m Near the corner frequency we, a resonant peak occurs = the maximum error:

2
MZB|,_.,.. = —20log /(1 — “my2 4+ (2¢Xm)2
Pl Oog\/( e (2c2)

m The phase angle of the quadratic factor

1 2,
®3 =/ P T = —arctan——"—
(Jg(lw)z + 5:(w) + 1) 1— <§>

q)3|o.):0 = 07 ¢3|w:wc = *9007 ¢3|w:oo = *1800,
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Bode plots

MdB 4
0 Wc=Wn mrad/s:zc
(log scaTe)

-40dB/dec

q)deg A
0 Wc=Wn mrad/.iec
(log sca?e)

-180

Figure: Logarithmic plot for second-order factors (denominator)
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Bode plot. Example

1

10252 1014145 + 1’ wp =10, we = 10, slope — 40dB/dec

G(s) =

Bode Diagram

Ll L | L | T
102 10°

-180 =

1 o i
10 10 Frequellﬂov (rad’s)
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Bode plot. Influence of the damping factor

Bode Diagram

40

N
S
T

=)

Magnitude (dB)
5§ 8
T T
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Bode plots

2¢
2 .
2 Uw)™+ —(w) +1
n n
MdB 4
40dB/dec
mrad/sec
Wc=Wn (log scale)

mrad/sec
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Bode plot. Example

G(s) = 1072s% +0.1414s + 1, w, = 10, w, = 10, slope 40dB/dec

Bode Diagram
80 T

102 103

1 0 1
0 1o Frequeny (rads)
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Bode plot. Example

10s

¢()= D0 1)

m Gi(s) =10s = —, k=10, n = —1, M{®|,_100 = k8 = 20log), 10 = 20dB, slope = 20dB/dec
¢1 = —90 - n = 90°
1
B Gy(s) = ot Ti=1, wgq = % =1, slope = -20dB/dec
@2 € (0,—90°) (arctan), inflection: (we1 = 1, —45°)
1
m Gi(s) = 05T Ty = 1072, wep = 102, slope = -20dB/dec

s
#3 € (0,—90°) (arctan), inflection: (we = 102, —45°)
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Bode plot. Example

MdBl\

20dB/dec

20dB M1

101

0)[1 (DCZ (Dmd/sec

¢deg

10° 107 103 > (log scale)
M, M,
-20dB/dec -20dB/dec> -20dB/dec

A
90 [

-45

»

1 00 1 02 (Drad/sec

i (log scale)

-90
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Bode plot. Example. Result

dB‘\
M 20dB/dec
2098 M,
1 0-1 0)01 (Dcz (Dmd/sec
10° 107 103 (log scale)
M, ‘\\;;;“~\\\\\
-20dB/dec -20dB/dec -20dB/dec
¢ A
90 é,
—
1 00 1 02 = (Drad/sec
\ N > (Iog S(;a[e)
-90
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Bode plot. Example. Analysis

0)rad/sec

(log scale)

-20dB)dec -20dB/dec™ ~20dB/dec

m wRd/sec € (0,107 J(10%, o) = M9B <0, M < 1, for these frequencies of the
input, the system attenuates the sinusoidal inputs
m wRd/sec (1071, 10%) = M9E >0, M > 1 for these frequencies of the input the
system amplifies the sinusoidal inputs
m wred/sec — 1071 red/sec =103, M98 =0, M = 1 magnitude of the output =
magnitude of the input
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Bode plot. Example. Analysis

90 ¢,

© 1 02 0)rud/sec
n

\ ” (log scale)

-90 4, s

m w9/ ¢ (0,w*) = ¢ >0 phase lead
m w9/ ¢ (W, 00) = ¢ <0 phase lag
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Bode diagrams. Example

Draw the Bode diagram for the following transfer function:

G(s) = 10%(s + 10) B 10%({5s + 1)
~ s(s+1)(s? +10s 4+ 100)  s(s+ 1)(3555% + 155 + 1)
102 k
G(w) = — =1
1) jw o (jw)t
: 1. .
G(jw) = E(JW) +1=Ti(w)+1;
1 1
G I = = .
W) = T Te g
. 1 1
Gi(jw) =

1000w + 160w) +1 L(jw)? + 2 (jw) + 1
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Bode diagrams. Example

The Bode diagram is plotted for every one of these factors and than the curves are added
graphically.

1
k=10% Ti=-—; To=1, w,=10; ¢ =05.

10’
k9B = 20/0g10? = 40dB, ®; = —90°
rad 1 1
wq /s = 7= /10 =10 rad/sec, P, € [0,90°]

ra sec 1
Wczd/ =7 = 1 rad/sec, &3 € [0,—-90°]

wgd/sec = wp = 10 rad/sec, &4 € [0, —180°]
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Bode diagrams. Example

Bode Diagram
100 — — —— — — T
-20dB/dec 1
— 50 —a,
o -200B/dec 200B/dec G
o -40dB/dec 3
o 0
°
=)
=
s 50
S 50
= ~60iB/dec
-100 -

159 —— e ——

5 0 7
[}
k=)
o -90
1%} P
© 1
T
-180 - [
@ 4
270 Ll | I R S . .
102 107! 10° Frequency (rad/s) 10 102 10°
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Reading Bode diagrams

m If |G(jw)| > 1 (or M9B = |G(jw)|?B > 0), the output will be amplified.
m If |G(jw)| < 1 (or M9 = |G(jw)|?B < 0), the output is attenuated.
m If ® > 0 the output is shifted with a positive angle comparing to the input and the

system has phase lead.

If & < 0 the output is shifted with a negative angle with respect to the input (phase lag).
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See BodeRules.pdf
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