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Abstract—In this paper, bandwidth allocation, in terms of
distributing available data slots among different users, is studied
for QoS provisioning in IEEE 802.16 networks. By considering
the Automatic Repeat reQuest with Selective Acknowledgement
(ARQ-SA) scheme for erroneous wireless channels, a mathe-
matical model is established to theoretically analyze the delay
performance of transmitting Service Data Unit (SDU) under a
multiuser environment. The analytical results indicate that the
delivery delay of the SDU is dominated by the time spent for the
first transmission of all its Protocol Data Units (PDUs). Based on
this observation, a novel dynamic bandwidth allocation algorithm
is proposed and a detailed performance analysis is provided.
Simulation results show that the proposed bandwidth allocation
algorithm can significantly improve the delay performance of
SDUs and ensure the fairness among different users.

Index Terms—IEEE 802.16, WiMAX, bandwidth allocation,
ARQ-SA, PDU, SDU.

I. INTRODUCTION

IEEE 802.16, which is usually referred as WiMax (World-
wide Interoperability for Microwave Access), provides both

Fixed Broadband Wireless Access (FBWA) and Mobile BWA
(MBWA). It has gained significant attention from both industry
and academia in recent years. WiMax tends to provide trans-
mission rate of around 10Mbps in the range of few kilometers.
In 2004 and 2005, the FBWA (IEEE 802.16d) and MBWA
(IEEE 802.16e) versions were ratified, respectively, where the
medium access control (MAC) layer and the physical (PHY)
layer are clearly defined [1]. There exist several PHY specifi-
cations for the 2-11GHz and 10-66GHz in IEEE 802.16d, such
as Single Carrier (SC) and Orthogonal Frequency-Division
Multiplexing (OFDM). In MAC, the standard supports Time
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Division Duplexing (TDD) and Frequency Division Duplexing
(FDD), and defines two different air-interfaces: Point-to-Multi-
Point (PMP) and Mesh. In PMP mode, two Subscriber Stations
(SSs) can only communicate through Base Station (BS); while
in Mesh mode, two SSs can communicate directly.

In order to provide reliable communications over dynamic
wireless channels, Automatic Repeat reQuest (ARQ) has been
defined as an option at the MAC layer in IEEE 802.16
standards. Data from the upper layer, which is called Service
Data Unit (SDU), is partitioned into ARQ blocks. Several
ARQ blocks are then encapsulated into one or more Protocol
Data Units (PDUs). As the response of receiving a PDU,
different kinds of acknowledgement (ACK) messages can be
fed back from the receiver, such as selective ACK, cumulative
ACK, cumulative with selective ACK, and cumulative ACK
with block sequence ACK. Among them, selective ACK is
more commonly used. In selective ACK, once a PDU is not
received or is received in errors, an ARQ feedback will be
used to provide the receipt status (i.e., ACK or NACK) and
only the negative acknowledged PDU will be retransmitted. In
this paper, selective ACK is chosen as the ACK message and
the corresponding ARQ scheme is called ARQ with Selective
ACK (ARQ-SA). Compared to the traditional ARQ applying
selection ACK, called SR-ARQ, the ARQ-SA takes into
account the specific frame structure of IEEE 802.16 networks
and highlights the time delay between the transmission and
the retransmission.

Evaluating effects of ARQ on the network performance is
important to provide insight on network operation and guide-
line for designing effective network management schemes
[2]. There are several existing research works on the delay
analysis of selective repeat ARQ. An exact analysis of PDU
delivery delay over two-state Markov channel is provided in
[3], [4], which is extended to more general N -state Markov
channel in [5]. The re-sequencing delay is considered in
[6], [7], while in [8], the overall end-to-end PDU delay is
discussed. More description about the delay analysis is given
in [9], [10]. However, all these works focus on the delay
performance of PDUs only, while from the viewpoint of upper
layer applications, the delay of SDU is more important. In
[11], [12], the analysis of SDU delivery delay under selective
repeat ARQ (SR-ARQ) is presented, while the analysis is
limited for a single-user network only and the data is assumed
to be continuously transmitted. It is well known that in IEEE
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802.16 networks, the bandwidth is shared by multiple users.
Therefore, the analysis of SDU delivery delay in a multiuser
IEEE 802.16 network should be carried out.

Scheduling is one of the most important issues in IEEE
802.16 networks. A well designed scheduling scheme should
be effective in quality of service (QoS) provisioning, efficient
in resource utilization, and fair in resource allocation [13].
Since the scheduling is not specified in the standards, it has
become one of the hottest research topics in this area. An
uplink scheduling scheme is proposed for supporting all types
of service flows defined in IEEE802.16 [14]. Another uplink
scheduling scheme for VoIP services is presented in [15] by
considering the characteristics of voice data. Both of them
focus on the bandwidth allocation of the UL subframe. In
[16], a framework is provided for scheduling different types of
service flows in both uplink and downlink. The bandwidth of
DL/UL is allocated dynamically in PMP mode and the fairness
among different flows becomes the main target. However, the
discussion did not take the SDU delivery delay into account.
Weighted Round Robin (WRR), as a standard and simple
scheduling scheme, is commonly adopted in wireless commu-
nication networks [17]. It allocates the bandwidth according
to the QoS requirements of each service flow so that in the
same QoS class, the allocated bandwidth to each flow is
equal and fixed. We term such scheduler as the traditional
scheme in this paper and let it as the performance benchmark.
Obviously, such bandwidth allocation scheme is by no means
the best solution in terms of delivery delay. Intuitively, when
multiple users compete for the resource, the bandwidth should
be dynamically allocated even in the same QoS class according
to the SDU buffer status. In addition, ARQ scheme does
play important role on the delay performance. Therefore, it
is important to design new bandwidth allocation algorithms,
which should consider the following two key features:

• the SDU delay instead of an individual PDU delay;
• the effects of the ARQ scheme on the scheduling.

In this paper, bandwidth allocation issues have been studied
for downlink IEEE 802.16 networks under PMP mode. The
focus on downlink results from the fact that the downlink may
have to transport more traffic than the uplink and may become
the bottleneck of the networks. A mathematical model is first
established to theoretically analyze the delivery delay of a
SDU with ARQ-SR. Here, the delivery delay is defined as the
time duration from the first transmission of the first PDU in
the SDU to the time when all PDUs have been successfully
received so that the SDU can be delivered to the upper layer.
Analytical results indicate that the delivery delay of one SDU
is dominated by the time spent for the first transmission of
all its PDUs. By taking this property into account, a novel
downlink dynamic bandwidth allocation algorithm, in terms
of distributing available data slots among different users, is
introduced. The proposed algorithm is based on the priority
allocation principle and assigns higher priority to the user
which may experience longer time to transmit all its PDUs for
the first time. Theoretical analysis indicates that the proposed
algorithm can significantly reduce the delivery delay of SDUs
and at the same time, hold a similar fairness performance as
the traditional scheme. Simulation results are finally provided
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Fig. 1. OFDM frame structure with TDD.

to further demonstrate the effectiveness and efficiency of the
proposed dynamic bandwidth allocation algorithm.

The remainder of this paper is organized as follows. Section
II defines the system model of an IEEE 802.16 network under
consideration. In Section III, the analysis of SDU delivery
delay under ARQ-SA is presented. Section IV presents the
proposed dynamic bandwidth allocation algorithm in detail.
Performance analysis of the proposed algorithm is also pro-
vided. Numerical results are given in Section V, followed by
the conclusions in Section VI.

II. SYSTEM MODEL

An IEEE 802.16 network operating under PMP mode with
OFDM and TDD is considered. The network has a base
station (BS) located at the center of the covered area. The
data transmission at the MAC layer is frame-by-frame based.
Each frame consists of one downlink (DL) subframe and one
uplink (UL) subframe as shown in Fig. 1. In this paper,
we focus on the DL subframe only. Each DL subframe
begins with a preamble followed by a Frame Control Header
(FCH). The FCH specifies the burst profile, which defines the
coding algorithm, code rate and modulation level used for data
transmission, and the duration of one or more DL bursts im-
mediately following the FCH. After that, broadcast messages,
such as DL-MAP, UL-MAP, DL Channel Descriptor (DCD),
and UL Channel Descriptor (UCD), can be transmitted. The
remainder of the subframe contributes to the pay load, which
is further divided into a number of data bursts (or slots). In
this paper, each slot is assumed to hold a same time duration,
which is long enough to support the transmission of one PDU.
The details of other components in Fig. 1 can be found in [1].

Data from the upper layer, called SDU, is partitioned into
ARQ blocks, and several ARQ blocks are encapsulated into
one or multiple PDUs with equal length. In this paper, ARQ-
SA is applied to compensate the possible transmission errors
from the physical layer. With ARQ-SA, once a PDU is lost in
DL/UL subframe, the ACK should be sent to the transmitter
in the following UL/DL subframe, and the PDU can be
retransmitted in the next DL/UL subframe. Obviously, there
is at least one subframe (UL/DL) between the transmission
and the retransmission of the same PDU. In this paper, we
assume that the retransmission has higher priority than the
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Fig. 2. Definition of variables.

transmission of new PDUs, and at the receiver end, each
SDU is delivered to the higher layer only if all SDUs with
lower identifiers have been correctly received. Each PDU
experiences an independent error with probability p, while
ACK/NACK messages are error-free since, in the real world,
they are shorter than data packets and are transmitted by more
robust modulation and coding schemes. The situation that
the ACK/NACK messages are erroneous and delivered after
several subframes from the transmission of the PDU will be
left for our future works.

III. DELIVERY DELAY PERFORMANCE ANALYSIS

In this section, delivery delay of a tagged SDU is analyzed
in the downlink IEEE 802.16 network with ARQ-SR. How-
ever, we’d like to point out that the method could also be
applied to the uplink. The delivery delay of the tagged SDU,
Tdd, is defined as the time interval from the first transmission
of the first PDU to the time when the SDU is delivered to the
upper layer in the receiver.

A. Delivery Delay of SDU

Consider a tagged SDU which belongs to a tagged user and
consists of L tagged PDUs. Note that L is a random variable
for different SDUs. The definitions of variables used in the
analysis are shown in Fig. 2.

Each frame has a duration of Tf . From the tagged user
point of view, each frame can be separated into three portions,
denoted by TDH , LbTs, and TU . TDH and TU represent the
total time in the frame before and after the transmission of
the tagged user, respectively. TDH and TU take into account
the transmission of control messages, data from other active
users, and UL subframe. LbTs, called tagged burst, is the time
actually reversed for the transmission of the tagged user in
each frame, which is shown as the shadowed areas in Fig.
2. Here Lb denotes the number of slots in the tagged burst
and Ts denotes the slot duration. In other words, total of Lb

PDUs from the tagged user can be transmitted in each DL
subframe. In this paper, Lb is supposed to be fixed during the
transmission of the tagged SDU. According to Fig. 2, we have

Tf = TDH + LbTs + TU . (1)

By further defining

• S (S ∈ [1, Lb]): the first transmission of the first tagged
PDU happens at the S-th slot in the tagged burst;

• E (E ∈ [1, Lb]): the first transmission of the last tagged
PDU happens at the E-th slot in the tagged burst;

• l (l ∈ [1,∞)): the number of frames from the position
of S to the position of E;

• MAXt (MAXt ∈ [0,∞)): the number of frames after
the first transmission of the last tagged PDU to the
delivery of the tagged SDU;

• ls (ls ∈ [1, E]): the number of PDUs before the delivery
of the tagged SDU in the last frame;

• Tbf : the time duration from the first transmission of the
first tagged PDU till the end of the frame where the first
transmission of the last tagged PDU happens;

• Taf : the time duration from the frame after the first
transmission of the last tagged PDU to the delivery of
SDU to the upper layer,

Tdd can be calculated in terms of S, E, l, MAXt, and ls by
considering the following three cases.

• Case 1: MAXt = 0 and l = 1
If MAXt = 0 and l = 1, all tagged PDUs are
successfully transmitted in one frame. Otherwise, the
retransmission happening in the next frame will result
in non-zero MAXt. Under this case, we have

Tdd = LTs. (2)

• Case 2: MAXt = 0 and l > 1
Under this case, the delivery of the tagged SDU to the
upper layer occurs in the same frame where the position
E happens. Therefore,

Tdd = (Lb−S+1)Ts+TU +(l−2)Tf +TDH+ETs. (3)

• Case 3: MAXt �= 0 and l ≥ 1
Under this case, from Fig. 2, we have

Tbf = (Lb − S + 1)Ts + TU + (l − 1)Tf (4)

Taf = (MAXt − 1)Tf + TDH + lsTs. (5)

Therefore,

Tdd = Tbf + Taf

= (Lb − S + 1)Ts + TU + (l − 1)Tf

+(MAXt − 1)Tf + TDH + lsTs. (6)

In summary, the delivery delay Tdd can be written as

Tdd =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

LTs, if MAXt = 0, l = 1

(Lb − S + 1)Ts + TU + (l − 2)Tf + TDH + ETs,
if MAXt = 0, l > 1

(Lb − S + 1)Ts + TU + (l − 1)Tf

+(MAXt − 1)Tf + TDH + lsTs,
if MAXt �= 0, l ≥ 1.

(7)
From (7) and Fig. 2, Tdd is determined by several variables,

i.e., S, E, l, MAXt, ls; thus, the information of the joint
probability P (S = s, E = e, l = k, MAXt = q, ls = d)
should be derived. Since

P (S = s, E = e, l = k, MAXt = q, ls = d)
= P (MAXt = q, ls = d|S = s, E = e, l = k)

×P (S = s, E = e, l = k),

Authorized licensed use limited to: KTH THE ROYAL INSTITUTE OF TECHNOLOGY. Downloaded on March 2, 2009 at 02:38 from IEEE Xplore.  Restrictions apply.



3480 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 7, NO. 9, SEPTEMBER 2008

we discuss how to derive these two probabilities, P (MAXt =
q, ls = d|S = s, E = e, l = k) and P (S = s, E = e, l = k),
separately.

B. Calculation of P (S = s, E = e, l = k)

Let the tagged SDU be the (i + 1)-th SDU of the tagged
user, denoted as SDUi+1. Then, the previous SDU can be
denoted as SDUi. In order to do the calculation, we introduce
two new variables.

• Xi (Xi ∈ [0, Lb − 1]): the number of slots left in the
tagged burst after the first transmission of the last PDU
from the SDUi;

• R: the number of retransmitted tagged PDUs in the same
frame as the first transmission of the last tagged PDU if
the first transmission of SDUi+1 cannot be finished in
one frame.

We first derive the conditional probability, P (Xi+1 = j, l =
k|Xi = m), with m �= 0 and m = 0, respectively.

• m �= 0
If m �= 0, after the first transmission of the last PDU
from SDUi, there are slots left in the current tagged burst,
which can be used for the first transmission of the tagged
PDUs from SDUi+1. If k = 1, the first transmission of
all tagged PDUs can be finished in the same frame so
that r = 0 and j = m − L, i.e.,

P (Xi+1 = j, l = k, R = r|Xi = m) = 1,

if k = 1, j = m − L, r = 0. (8)

Otherwise, if k > 1, as shown in Fig. 3, define positions
1-3 as the beginnings of the first frame, the k−1th frame,
and the kth frame of the tagged SDU, respectively, and
define position 4 as the end of the first transmission of
all tagged PDUs. Then, from position 1 to position 4,
L + (Lb − m) different PDUs of the tagged user are
transmitted. From position 1 to position 3, Ck−1 PDUs
of the tagged user are transmitted correctly, where

Ck−1 = L+(Lb−m)−(Lb−j), Ck−1 ∈ [0, (k−1)Lb].
(9)

Because r PDUs are retransmitted in the k-th tagged
burst, from position 2 to position 3, Lb − r PDUs are
transmitted correctly. Thus, from position 1 to position
2, Ck−2 PDUs of the tagged user are successfully trans-
mitted, where

Ck−2 = Ck−1−(Lb−r), Ck−2 ∈ [0, (k−2)Lb]. (10)

Therefore, for k > 1,

P (Xi+1 = j, l = k, R = r|Xi = m)

=
(

(k − 2)Lb

Ck−2

)
p((k−2)Lb−Ck−2)(1 − p)Ck−2

×
(

Lb

Lb − r

)
pr(1 − p)Lb−r. (11)

Fig. 3. Calculation of P (Xi+1 = j, l = k, R = r|Xi = m) with m �= 0.

Combining (8) and (11), P (Xi+1 = j, l = k, R =
r|Xi = m) for m �= 0 can be written as

P (Xi+1 = j, l = k, R = r|Xi = m)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1, if k = 1, j = m − L, r = 0

(
(k − 2)Lb

Ck−2

)
p(k−2)Lb−Ck−2(1 − p)Ck−2

×
(

Lb

Lb − r

)
pr(1 − p)Lb−r,

if
k > 1, Ck−1 ∈ [0, (k − 1)Lb],
Ck−2 ∈ [0, (k − 2)Lb]

0, otherwise.

(12)

Finally, we have

P (Xi+1 = j, l = k|Xi = m)

=
Lb−j−1∑

r=0

P (Xi+1 = j, l = k, R = r|Xi = m).
(13)

• m = 0
If m = 0, as shown in Fig. 4, the first transmission
of the last PDU from SDUi happens at position 2. By
considering possible retransmissions, assume that the first
transmission of the first tagged PDU happens at the Bi-th
slot of the Ai-th tagged burst after the first transmission
of the last PDU of SDUi. Obviously, according to Fig. 4,
from position 1 to position 3, all PDUs are transmitted
with errors, while from position 3 to position 4, b − 1
PDUs are transmitted with errors. Following the similar
way used in the m �= 0 case, we have

P (Xi+1 = j, l = k, Ai = a, Bi = b, R = r|Xi = 0)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(pLb)a−1

(
Lb

b − 1

)
pb−1(1 − p)Lb−(b−1),

if k = 1, j = Lb − (b + L − 1), r = 0

(pLb)a−1

(
Lb

b − 1

)
pb−1(1 − p)Lb−(b−1)

×
(

(k − 2)Lb

C′
k−2

)
p(k−2)Lb−C′

k−2(1 − p)C′
k−2

×
(

Lb

Lb − r

)
pr(1 − p)Lb−r

if
k > 1, C′

k−1 ∈ [0, (k − 1)Lb],
C′

k−2 ∈ [0, (k − 2)Lb]

0, otherwise
(14)
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Fig. 4. Calculation of P (Xi+1 = j, l = k, R = r|Xi = m) with m = 0.

where

a ∈ [1,∞)
b ∈ [1, Lb]
C′

k−1 = (L + b − 1) − (Lb − j), C′
k−1 ∈ [0, (k − 1)Lb]

C′
k−2 = C′

k−1 − (Lb − r), C′
k−2 ∈ [0, (k − 2)Lb].

Finally,

P (Xi+1 = j, l = k, Ai = a, Bi = b|Xi = 0)

=
Lb−j−1∑

r=0

P (Xi+1 = j, l = k, Ai = a, Bi = b, R = r|Xi = 0).

(15)

Summing (13) by all values of k, and (15) by all values
of k, a, and b, we can get P (Xi+1 = j|Xi = m), ∀j, m ∈
[0, Lb − 1], for the given value of L. Since the SDU length L
is also a random variable, P (Xi+1 = j|Xi = m) can finally
be written as

P (Xi+1 = j|Xi = m)

=
Lmax∑
λ=1

P (Xi+1 = j|Xi = m, L = λ)P (L = λ). (16)

where P (L = λ) is the distribution of the tagged SDU’s
length and Lmax denotes the maximum value. Obviously,
(16) defines the transition probability of Xi from state m to
state j. Let P be a transition probability matrix of the state
variable Xi and define the steady-state probability vector as
Π = (π0, . . . , πLb−1), where πj = P (Xi = j). Π can be
calculated by solving the following equation system

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Π× P = Π

Lb−1∑
j=0

πj = 1.
(17)

Given Π, we can calculate P (S = s, E = e, l = k).
If S = 1, (S = 1, E = e, l = k) means (Xi+1 = Lb−e, l =

k, Bi = 1, Xi = 0). Then, we have

P (S = 1, E = e, l = k)

=
∞∑

a=1

P (Xi+1 = Lb − e, l = k, Ai = a, Bi = 1|Xi = 0)

× P (Xi = 0). (18)

Otherwise, if S �= 1, (S = s, E = e, l = k) means (Xi+1 =
Lb − e, l = k, Bi = s, Xi = 0) or (Xi+1 = Lb − e, l =
k, Xi = Lb − (s − 1)). Then from (13) and (15), we can get

P (S = s, E = e, l = k) (s > 1) as

P (S = s, E = e, l = k)

=
∞∑

a=1

P (Xi+1 = Lb − e, l = k, Ai = a, Bi = s|Xi = 0)

× P (Xi = 0)
+ P (Xi+1 = Lb − e, l = k|Xi = Lb − (s − 1))
× P (Xi = Lb − (s − 1)). (19)

C. Calculation of P (MAXt = q, ls = d|S = s, E = e, l =
k)

From Fig. 2, we can deduce that the successful transmission
of e PDUs appeared in the k-th frame means the successful
delivery of the tagged SDU to the upper layer. Assume that
the α-th PDU of those e PDUs is transmitted tα times during
the last MAXt frames. Then, {tα, α = 1, 2, . . . , e} is a
random variable with an independent and identical distribution
(i.i.d). By considering the fact that the α-th PDU has already
experienced one erroneous transmission in the kth frame, the
probability of P (tα = y) and P (tα ≤ y) can be obtained,
respectively, as

P (tα = y) = py(1 − p) (20)

P (tα ≤ y) =
y∑

i=0

P (tα = i)

=
y∑

i=0

pi(1 − p) = 1 − py+1. (21)

If q = 0, all e PDUs must be successfully transmitted in
the k-th frame. Therefore,

P (MAXt = 0, ls = d|S = s, E = e, l = k)

=

⎧⎨
⎩

(1 − p)e, if d = 0

0, otherwise.
(22)

If q > 0, d PDUs are transmitted for q times and (e − d)
PDUs are transmitted for q − 1 times at most during the last
MAXt frames. Therefore, according to (20) and (21), we get
P (MAXt = q, ls = d|S = s, E = e, l = k), (q > 0, d > 0)
as

P (MAXt = q, ls = d|S = s, E = e, l = k)

=
(

e
d

)
(pq(1 − p))d(1 − pq)e−d. (23)

Finally, combining (18), (19), (22), and (23), we can obtain
the distribution of P (S = s, E = e, l = k, MAXt = q, ls =
d).

IV. BANDWIDTH ALLOCATION ALGORITHM

According to the analysis in Section III, and the analytical
results given in Section V later, for IEEE 802.16 networks with
ARQ-SR, the delivery delay of a SDU is mainly determined by
the time used for the first transmission of all its PDUs. By tak-
ing this property into account, in this section, a novel downlink
bandwidth allocation algorithm is proposed to reduce the time
spent by the first transmission of one SDU, which can achieve
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fair bandwidth sharing and reduction on the delivery delay.
Performance analysis of the proposed bandwidth allocation
algorithm is also provided.

A. Bandwidth Allocation Algorithm

Before presenting the details of the proposed bandwidth
allocation algorithm, we first introduce two parameters which
are related to the first transmission of each SDU.

• Lp: the number of PDUs which haven’t been transmitted
for the first time at the beginning of a given DL subframe.
Lp has an initial value equal to the SDU length, L;

• Lf : its initial and minimum values are Lf0 and 0,
respectively, where Lf0 denotes that, with the highest
probability, the number of frames that are needed for
the first transmission of a SDU based on the traditional
scheme, WRR. Given the length of the SDU, there exists
a corresponding Lf0.

When the first transmission of the first PDU in one SDU
begins, the values of Lp and Lf are initialized to L and
Lf0, respectively. Lp will be reduced by one after the first
transmission of one PDU, and Lf will be reduced by one if
the first transmission of all PDUs from one SDU can not be
finished in one DL subframe.

Let S be the total number of slots available in the DL
subframe. Due to the existence of retransmissions, only some
of S slots can be used for the transmission of new PDUs, the
number of which is denoted by N (N ∈ [0, S]). The value
of N can be calculated at the beginning of any DL subframe.
In this paper, the system bandwidth is defined in terms of
N and the proposed algorithm focuses on how to allocate
these N slots to different users for better delay and fairness
performance.

From the definitions of Lf and Lp, the former decreased
by one means the delay is increased by the length of one
frame; while the latter decreased by one means the delay is
increased by the length of one PDU. Obviously, Lf is more
important than Lp on indicating the delay performance of
SDU. Therefore, we define a two-level priority system for
each user in the network as follows:

P1 : Lf (24)

P2 : min(Lp, N) (25)

When allocating bandwidth, we first consider Lf to determine
the allocation priority of each user. If some users have the
same Lf , min(Lp, N) will then be considered. In each priority
level, the smaller the value, the higher the priority. In (24),
the first priority level, P1, will be reduced by one if the first
transmission of one user’s SDU cannot be finished in one
frame. Therefore, with the decreasing of P1, the probability
of allocating bandwidth to this user will be increased. As a
result, it could ensure that no user will suffer from starvation.
On the other hand, the second priority level shows that the
SDU, which has smaller number of PDUs waiting for their first
transmission (i.e., smaller Lp) should be allocated bandwidth
with higher priority. The second priority level also considers
the situation where the SDUs from different users have very
different lengths. Under this case, the shorter SDU should be

transmitted more quickly than the larger one to minimize the
total delivery delay.

Without loss of generality, we consider a two-user network
(userA and userB) to illustrate the proposed bandwidth allo-
cation algorithm. At the BS, each user has its own transmit-
ting queue. Let LA and LB be the lengths of SDUs from
userA and userB, respectively. At the initial state, e.g., the
beginning of the i-th frame, the corresponding parameters
of userA and userB are denoted by (Li

pA, Li
fA, Li

pB, Li
fB).

Let ζ = (N, LpA, LfA, LpB, LfB) denote the network state.
Then, at the beginning of the i-th frame, we can set the initial
values of ζ as (N i, Li

pA, Li
fA, Li

pB, Li
fB), where N i means

the number of slots which can be used for the first transmission
of new PDUs in the i-th DL subframe. We can also calculate
the two-level priority of each user based on (24) and (25),
respectively, and denote them as (P 1

A, P 2
A, P 1

B, P 2
B). Finally,

we denote LsA and LsB the number of slots allocated to userA
and userB, respectively, in the current frame, and the initial
values of them are set to be zero. The proposed algorithm
follows two steps:
Step 1: Bandwidth allocation.
Both users are sorted by ascending order based on the two-
level priority. The bandwidth is allocated to the user with the
highest priority as follows.

(A, B) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(min(LpA, N), 0),
if P 1

A < P 1
B or (P 1

A = P 1
B , P 2

A < P 2
B)

(0, min(LpB, N)),
if P 1

A > P 1
B or (P 1

A = P 1
B , P 2

A > P 2
B)

(min(LpA, N), 0)or (0, min(LpB, N))
if P 1

A = P 1
B and P 2

A = P 2
B

(26)
where A and B denote the allocated bandwidth to userA and
userB, respectively.
Step 2: Parameter update.
After the bandwidth allocation, system parameters are updated
as follows: ⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

N = N − A − B

LsA = LsA + A

LsB = LsB + B.

(27)

In addition, (LpA, LfA) can be updated as

(LpA, LfA) =

⎧⎪⎪⎨
⎪⎪⎩

(LpA − A, max(LfA − 1, 0)),
if A < LpA

(LA, LfA0), if A = LpA.

(28)

In (28), if the allocated bandwidth is smaller than the left
number of PDUs from the SDU at the head of userA’s
transmitting buffer, the number of the left PDUs will be
reduced by A, and LfA is reduced by one till zero; if all
the left new PDUs can be transmitted in the current frame,
LpA and LfA are updated to the length (LA) and LfA0 of the
next SDU, respectively. Likewise, (LpB, LfB) can be updated
in the similar way.

After updating the parameters, the priority of each user can
be recalculated. Then steps 1 and 2 are repeated until all N i
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slots have been allocated. The ultimate values of LsA and LsB

are the final bandwidth allocation for the first transmission of
the new PDUs of userA and userB, respectively, in the current
DL subframe.

After bandwidth allocation for the i-th
frame, (Li

pA, Li
fA, Li

pB, Li
fB) are updated to

(Li+1
pA , Li+1

fA , Li+1
pB , Li+1

fB ) for the (i + 1)-th frame, which
satisfies

(Li+1
pA , Li+1

fA )

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(Li
pA − LsA, max(Li

fA − 1, 0)),
if LsA < Li

pA

(LA, LfA0),
if LsA > Li

pA, mod(LsA − Li
pA, LA) = 0

(LA − mod(LsA − Li
pA, LA), max(LfA0 − 1, 0)),

if LsA > Li
pA, mod(LsA − Li

pA, LA) �= 0
(29)

where mod(c, C) means the remainder of c being divided by
C. From (29), if the allocated bandwidth is not enough for the
first transmission of the left PDU of the SDU, Li+1

pA is updated
to the left number of PDUs after the i-th frame transmission
and Li+1

fA equals Li
fA − 1 till zero. If the first transmission

of a SDU is just finished at the end of the i-th frame, Li+1
pA

and Li+1
fA are updated to their initial values. Otherwise, the

parameter updates following the case when LsA < Li
pA. The

difference is that the number of new PDUs which has been
served in the i-th frame equals mod(LsA − Li

pA, LA). The
parameters of userB can be updated following the same way.
The pseudo-code of the proposed algorithm is summarized
in Appendix A. Note that the similar principle can also be
applied for the multi-user scenario. In the multi-user scenario,
the two-level priority system will be kept. The difference from
the two-user scenario is that at any step, the status of more
than two users needs to be updated.

Moreover, since the definition of Lf is related to the SDU
transmission with WRR scheme, which is only determined by
the bandwidth allocation of WRR and the length of SDU, the
proposed algorithm can provide similar fairness performance
as WRR.

B. Performance Analysis

In this subsection, the performance of the proposed band-
width allocation algorithm is analyzed. Since the time spent
for the first transmission of the SDU is equivalent to the value
of l as shown in Fig. 2, the analysis will focus on deriving
the distribution of l.

Let state variable ζ (ζ ∈ Ω) be defined as
(N, LpA, LfA, LpB, LfB) at the beginning of the frame,
where Ω is the set of all possible values of ζ (how to
obtain Ω is given in the Appendix B). Let P (ζ2|ζ1) de-
note the one-step transition probability from state ζ1 =
(N1, LpA1, LfA1, LpB1, LfB1) at the beginning of the i-th
frame to state ζ2 = (N2, LpA2, LfA2, LpB2, LfB2) at the
beginning of the (i + 1)-th frame. Since N2 is independent

of ζ1, the transition probability can be calculated by

P (ζ2|ζ1) = P ((LpA2, LfA2, LpB2, LfB2)|ζ1)P (N2) (30)

where P (N2) is the probability of S−N2 erroneous transmis-
sions among S PDUs. For independent PDU error probability
p,

P (N2) =
(

S
N2

)
pS−N2(1 − p)N2 . (31)

Due to the possible random choosing in (26), different
(LpA2, LfA2, LpB2, LfB2) may be available based on the
given ζ1. By assuming each (LpA2, LfA2, LpB2, LfB2) can
be obtained by m ways and each way has nk (k ∈ [1, m])
random choosing,

P ((LpA2, LfA2, LpB2, LfB2)|ζ1) =
m∑

k=1

0.5nk . (32)

Combining (30)-(32), we can generate a transition probabil-
ity matrix, PΩ, for any ζ ∈ Ω. Let the steady-state probability
of ζ be Θ = (θ1, . . . , θε), where ε is the total number of
elements in Ω, θj = P (ζj), and ζj means the j-th element of
Ω. Vector Θ can be obtained by solving the following linear
equations of a Markov chain:{

Θ × PΩ = Θ∑ε
j=1 θj = 1.

(33)

Given Θ, we have:

P (LsA1, LsB1, ζ1) = P (LsA1, LsB1|ζ1)P (ζ1). (34)

We now use userA as an example to show how to calculate
the distribution of l, i.e., P (lA ≤ k), for all k ∈ [1,∞), which
means the first transmission of one SDU for userA is finished
in no more than k frames. Let Y1 denote (LsA1, LsB1, ζ1) in
the i-th frame, and Y2 denote (LsA2, LsB2, ζ2) in (i + 1)-th
frame. Let FA1 be the set of all possible values of Y1, which
satisfy the condition so that the first transmission of the SDU
can be finished in one frame for userA. Then, P (lA ≤ 1) can
be obtained by using (34) as

P (lA ≤ 1) =
∑
FA1

P (Y1). (35)

In order to obtain P (lA ≤ 2), which means the first
transmission of one SDU for userA is finished in one or two
frames, we calculate

P (Y2, Y1)
= P (Y2|Y1)P (Y1)
= P (LsA2, LsB2|ζ2, Y1)P (ζ2|Y1)P (Y1). (36)

Since LsA2 and LsB2 are only determined by ζ2,

P (LsA2, LsB2|ζ2, Y 1) = P (LsA2, LsB2|ζ2). (37)

Moreover, since (LpA2, LfA2, LpB2, LfB2) are deterministic
given Y1, P (ζ2|Y1) only depends on the number of slots which
are used for the first transmission of PDUs in the (i + 1)-th
frame, i.e.,

P (ζ2|Y1) =
(

S
N2

)
pS−N2(1 − p)N2 . (38)
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Fig. 5. Probability comparison.

Substituting (37) and (38) into (36), we have

P (Y2, Y1) = P (LsA2, LsB2|ζ2)
(

S
N2

)
pS−N2(1−p)N2P (Y1).

(39)
Let FA2 be the set of all possible values of (Y2, Y1), which

satisfies the condition so that the first transmission of one SDU
for userA can be finished in one or two frames. Then,

P (lA ≤ 2) =
∑
FA2

P (Y2, Y1). (40)

Similarly, we can get P (lA ≤ k), for any k ∈ [1,∞).
Fig. 5 shows the numerical results based on the previous

analysis. Each DL subframe consists of total 10 slots for
both userA and userB. Two users have a same bandwidth
requirement. Therefore, in the traditional scheme, each user
are allocated 5 PDUs in one DL subframe. The results of
the traditional scheme are obtained by using the similar way
as our analysis except with the fixed bandwidth allocation.
In Fig. 5, the probability of finishing the first transmission
of SDU in one, two and three frames under different SDU
lengths are compared. It can be seen that P (lA ≤ 1) and
P (lA ≤ 2) of the proposed algorithm are much larger than
those of the traditional scheme, and P (lA ≤ 3) almost reaches
100% for both schemes. When L=10, the traditional scheme
outperforms our scheme a little. That is because, in our
algorithm, the PDU transmission of userB will influence that
of userA and such influence will increase with the increment of
SDU length; while in the traditional scheme, the transmissions
of two users’ SDUs are independent. In other words, in the
traditional scheme, no matter how bad the channel of userB is,
userA can always transmit 5 PDUs in one frame; while in our
scheme, with the increase of the erroneous PDUs of userB,
the number of PDUs transmitted by userA may be decreased
to be smaller than 5 in the frame. Nevertheless, due to much
smaller probability for lots of erroneous PDUs in one frame,
the degradation is very small. Overall, the analysis implies
that in the proposed algorithm, the first transmission of all
PDUs in one SDU will be finished in one or two frames with
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Fig. 6. Comparison of analysis and simulation results (a static channel
model).

higher probability; thus, it brings the significant reduction on
the delivery delay of the SDU.

V. SIMULATION RESULTS

In this section, simulation results are presented to evaluate
the introduced theoretical analysis model and to demonstrate
the performance of the proposed bandwidth allocation algo-
rithm.

In the simulation, an IEEE 802.16 network with OFDM as
PHY specification has been considered. The applied OFDM
consists of 256 subcarriers, 192 of which is used for data
transmission. Each PDU experiences i.i.d. transmission error
with probability p = 0.1. At the MAC layer, the length of
SDU, L, varies from 4 to10 PDUs. Each frame has duration
Tf = 10ms and each data burst has duration Ts = 685μs for
the transmission of one PDU with 1200 bytes, i.e., the trans-
mission symbol duration is 13.7μs. The simulation duration
is 100s, and 10 slots in each DL subframe are used for users’
data.

Fig. 6 shows both analytical and simulation results of the
average delivery delay for one tagged SDU. In the simulation,
TDH is set to be 1ms. The x-axis represents the number of
PDUs which can be transmitted in the tagged burst, i.e., Lb.
Actually, it is the bandwidth allocated to the tagged user. Three
curves are corresponding to results based on three different
SDU lengths, L=4, 5, and 6. The simulation results show that
the analysis and the simulation match pretty well. Given the
SDU length L, the transmission of one SDU will be finished
in fewer frames by increasing the allocated bandwidth Lb.
Meanwhile, the delay increases with the increasing of L.

In order to test the analytical model with time variant chan-
nel error rate, a similar simulation is carried out by employing
a two-state Markov channel, which is represent by a 4-tuple
(p0, p1, r01, r10). p0 and p1 denote the error rates at state 0 and
state 1, respectively, and r01 and r10 are corresponding state
transition probabilities. Given (p0, p1, r01, r10), the average
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Fig. 7. Comparison of analysis and simulation results (a two-state Markov
model).

3 4 5 6 7 8 9 10
0

2

4

6

8

10

12

14

16

18

L
b

av
er

ag
e 

de
la

y 
(m

s)

 

 
Tdd
Tbf
Taf

Fig. 8. Comparison of the delivery delay.

error rate of PDU is given by

p =
r01p1 + r10p0

r01 + r10
. (41)

Fig. 7 shows the performance comparison between the ana-
lytical results based on the static channel assumption and the
simulation results from a two-state Markov channel. In the
figure, the numerical results are obtained based on the two-
state Markov channel with (p0, p1, r01, r10) = (0, 1, 0.1, 0.9),
while the analytical results are calculated by replacing average
error rate from (41) in the proposed mathematical model. From
the figure, it can be seen that the analytical results match pretty
well with the simulation ones.

To further understand the delay performance of ARQ-SA,
in Fig. 8, the two components of the delivery delay, Tbf

and Taf , are demonstrated separately with L = 5. It can
be observed that when increasing Lb, both Tdd and Tbf

decrease significantly, while Taf only increases a little. It
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Fig. 9. Delay comparison (homogeneous case).

is because when increasing Lb, the first transmission of one
SDU will be finished in fewer frames so that Tbf can be
decreased significantly. However, Taf is determined by the
retransmission of the last E PDUs in the frame where the first
transmission of the last tagged PDU happens. Therefore, when
increasing Lb, E will be probably increased, and it results in
the increment of Taf , although the amount is not significant.
In summary, we can conclude that Tbf , i.e., the time used for
the first transmission of SDU, plays a key role in determining
the delivery delay of SDU.

The performance of the proposed bandwidth allocation
algorithm are shown in Fig. 9. Five users are simulated but
only the average SDU delay of user1 and user2 are presented.
Similar results are obtained for other users. The bandwidth
requirements of all users are equal, i.e., a homogeneous
case. Thus, each user is allocated 2 slots in the traditional
scheme. It can be seen that the SDU delivery delay is sig-
nificantly improved with the proposed algorithm compared to
the traditional one. Such performance gain increases with the
increasing of L. In addition, since two users experience almost
same delivery delay, the proposed algorithm can provide a
similar fairness performance as that of the traditional scheme.

To demonstrate the performance of the proposed algorithm
under heterogeneous case, where each user has different band-
width requirement, similar simulation is carried out and the
results are shown in Fig. 10. The average required bandwidth
for user1 to user5 are 5, 2, 1, 1 and 1 slots, respectively. From
the figure, the delay of SDU for the proposed algorithm still
significantly outperforms the traditional scheme. In addition,
it can be seen that the fewer the bandwidth required, the more
the delay reduction is observed in the proposed algorithm.

VI. CONCLUSION

In this paper, theoretical model for analyzing delivery delay
performance in an IEEE 802.16 network under PMP mode
has been derived. The effects of ARQ protocol on the system
performance is evaluated, which indicates that the delivery
delay of the SDU is mainly determined by the time duration
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used for the first transmission of all PDUs from this SDU.
Based on this, a dynamic bandwidth allocation algorithm
has been proposed. Both analytical and simulation results
demonstrate that the proposed bandwidth allocation algorithm
can significantly reduce the delivery delay, while keeping the
fairness among different users.

APPENDIX A
PSEUDO-CODE OF THE PROPOSED BANDWIDTH

ALLOCATION ALGORITHM

input parameters:
LsA = 0, LsB = 0, (N i, Li

pA, Li
fA, Li

pB, Li
fB)

set
(N, LpA, LfA, LpB, LfB) = (N i, Li

pA, Li
fA, Li

pB, Li
fB)

while (N > 0)
using (24) and (25)

get the two-level priority of two users:
(P 1

A, P 2
A, P 1

B , P 2
B)

using (26)
allocate bandwidth for two users (A, B)

using (27) and (28)
refresh (N, LpA, LfA, LpB, LfB)

end while
output parameters: LsA, LsB

using (29)
get (Li+1

pA , Li+1
fA , Li+1

pB , Li+1
fB )

APPENDIX B
DERIVATION OF Ω

We use an iterative method to obtain all elements of Ω. The
details are as follows.

1) Set Ω = {(S, LA, LfA0, LB, LfB0)};
2) Set Ωtmp = Ω;
3) Choose an element from Ωtmp one by one, and use

it as the input to the proposed algorithm (as shown in
Appendix A), i.e., (N i, Li

pA, Li
fA, Li

pB, Li
fB);

4) The possible output parameters, i.e.,
(Li+1

pA , Li+1
fA , Li+1

pB , Li+1
fB ), with each possible

value of N i+1 (N i+1 ∈ [0, S]) are

((N i+1, Li+1
pA , Li+1

fA , Li+1
pB , Li+1

fB )). Those that missed in
Ω are added into Ω as the new elements;

5) Repeat steps 3 and 4 until all elements in Ωtmp are
chosen;

6) If the updated Ω is not equal to Ωtmp, go back to step2;
otherwise, stop.
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